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SOLVABILITY AND CONSISTENCY FOR LINEAR EQUATIONS 
AND INEQUALITIES* 


H. W. KUHN, Byrn Mawr College 


1. Introduction. The term consistent is in common use in two contexts that 
appear to be quite different at first sight. It is often applied to systems of linear 
equations as a synonym for solvable. Thus, Dickson says in [3]: “We shall call 
two or more equations consistent if there exist values of the unknowns which 
satisfy all of the equations.” Again, Bécher writes in [1]: “The equations may 
have no solution, in which case they are said to be inconsistent.” Elsewhere, it 
is applied by logicians to deductive systems as a synonym for non-contradictory. 
Thus, Tarski defines the term in [8]: “A deductive theory is called consistent 
or non-contradictory if no two asserted statements of this theory contradict 
each other.” 

Our preliminary purpose is to reconcile these two usages, agreeing informally 
that “solvable” means “satisfiable” and that “consistent” means “non-contra- 
dictory.” The reconciliation is brought about by setting forth explicitly the 
definition of consistency that has been employed implicitly in ordinary treat- 
ments of linear equations. This definition is based on a non-effective character- 
ization of the logical consequences of the system, and is almost trivially equiva- 
lent to solvability under much more general conditions than are considered 
here. Therefore, this equivalence adds little or nothing to our knowledge of the 
special subject of linear equations. 

These considerations are in sharp contrast with another use of consistency, 
which considers only those consequences that can be derived by applying a finite 
number of algebraic operations to the system. We shall show that the ordinary 
criteria for the solvability of systems of linear equations follow directly from 
the latter notion when the only algebraic operation that is allowed is that of 
forming linear combinations. Whatever novelty there is in this approach con- 
sists in viewing the system of equations as a set of postulates added to an under- 
lying logic that includes the laws of real numbers, and then investigating the 
“methods of proof” appropriate to it. 

The main object of this paper is to extend this formulation to systems of 
linear inequalities. It is somewhat remarkable that the same theorems persist 
with only minor modifications, namely, with reasonable care in the type of 
linear combinations that are allowed, and with the use of a process of elimina- 
tion designed for linear inequalities. The criteria for solvability that are proved 
in this manner form a basis for the modern disciplines of linear programming 
and game theory. They also admit important geometric interpretations. These 
_ and other applications will be treated in a sequel. 


* A preliminary version of this paper was prepared while the author was a consultant to the 
National Bureau of Standards. The preparation of the present version was supported, in part, by 
the Social Science Research Council and, in part, by the Office of Naval Research Logistics Project, 
Princeton University. 
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2. Systems of linear equations. The system of linear equations 
32 —6y+4s=1 
—x+2y — 23 = 3 
x—2y+ 2=0 


does not have a solution. Despite its triviality, let us examine an argument 
that might be advanced as a proof of this statement. 

Suppose the equations are multiplied by new unknowns, u, v, and w, respec- 
tively, and added. Represent this by listing the multipliers to the left of the 
equations and the sum below, thus: 


3a —6y +42 = 1 
v: +2y —2z = 3 
w: x —2y +z =0 


— v + w)x + (—6u + 20 — 2w)y + (4u — 20+ = + 


If the original system were satisfied by numbers #, 9, and 2, then the same opera- 
tions would yield 


(3% — + + (—6u + 20 — + (4u — 20 + = + 30 


and this would be a true statement for all values of u, v, and w. However, if 
the multipliers u=1, v=1, w= —2 are chosen, this says 
0z + 0F + 02 = 4, 


a false statement about numbers. 

We shall see later how such multipliers can be found by successively eliminat- 
ing the unknowns. For the moment it is important to remark that they were 
chosen to satisfy 


v+ w=0 
—6u + 20 — 2w = 0 
4u—20+ w=0 
u + 30 #0 


and thus establish the contradiction. This is, of course, the original system 
transposed in a special way. 

So much for motivation; the object of this section is to state precise condi- 
tions for the solvability of general systems S of linear equations. The systems 
will be assumed to contain r inhomogeneous equations in m unknowns, %, - - - , 
Xa, and hence will have the form 


i 
# 
+ 
ome 
| 
| 
| 
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Cut + +++ + = 


The and are given real numbers (for k=1, ---,r and/=1,---+,m) and 
define the system S. The adjective “ighomagencous” means that no aesumption 
is made about the right hand members ¢,. 

An indexed set X of real numbers (4, - - - , 2) is called a solution for S if 
all of the equations 


+ + Condn = Cr (k= 1,---,7) 


are true statements. The set of solutions for S is denoted by §(S) and S is 
called solvable if §(S) is not empty. An equation 


in the unknowns %, - - - , x» is called a (logical) consequence of S if - - - 
+d,%,=d is a true equation whenever X =(%, ---, #,) is a member of §(S), 
in symbols, if X€S(S). A curious situation occurs if S is not solvable, Then the 
definition of a consequence places no restriction on an equation dix: + + -- +dnax, 
=d because there are no solutions %,-~--, %, to check for equality. Hence 
we are forced to conclude that, if S is not solvable, then every equation in the 
unknowns x, - - - , X, is a consequence of S. 

Our first definition of consistency will be based on the idea of consequence 
and the form of the patently false equation, 0#+-09+-02 =4, derived in the exam- 
ple above. Namely, a system S is said to be inconsistent if some equation 


Ox +--+: +02, = d, with d # 0, 


is a consequence of S; otherwise it is called consistent. (Thus, the contradictory 
assertions used in this definition are 0 =d and d#0.) 

The first theorem will establish the logical connection between solvability 
and this notion of consistency. Its statement explains immediately why these 
terms have often been confused (or used interchangeably) in textbook discus- 
sions of linear equations. The triviality of its proof reveals that it is a theorem 
without special content for linear equations. 


THEOREM 1. A system S is solvable if and only if it is consistent. 


Proof. If S is solvable, choose an X¥ =(%, - - , Then 04,+ - - - 
+02, is equal to zero by the rules of operating with real numbers and hence 
0%,+ - - - +02, =d is not a true equation for any d#0. Therefore, no 0x,+ - - - 
+0x, =d, with d+0, is a consequence of S, and S is consistent. 

On the other hand, if S is not solvable, then every equation in x, - - - , Xs 


is a consequence of S. In particular, 0x,+ - - - +0x,=1 is a consequence of 
S, and S is inconsistent. 


+ = Cr | 
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The significant content of the theory of linear equations comes not from 
the fact that an absurd consequence can always be exhibited when S is not solv- 
able, but from the form of this equation and from how it can be obtained. To 
this end, form a scheme analogous to that used in the example, with multipliers 
appearing at the left of the system and the sum appearing below: 


Wi: + Cinkn = C1 


We: + + Contn = 


The coefficients of the sum are easily read off; they are: 


dy = + 


An equation, 
dix; + + d,x, = d, 


that is formed in this manner, is called a linear combination of the equations of 
S. The multipliers w, - - + , w, are called the coefficients of the linear combina- 
tion. 

With this set of definitions, the central theorem on the solvability of systems 
of inhomogeneous linear equations is: 


THEOREM 2. (a) Every linear combination of the equations of S is a consequence 
of S. (b) If S is solvable, then every consequence of S is a linear combination of the 
equations of S. If Sis not solvable, then an equation 


Om +--+ + 0x, = d, with d 0, 
ts a linear combination of the equations of S. 


Several informal remarks may help to explain the content and intent of this 
theorem. First, it characterizes the consequences of solvable systems S as being 
exactly the linear combinations. Since “consequence” is a logical notion and “li- 
near combination” is algebraic, this is quite remarkable. Often we may obtain 
the information that some statement holds whenever other statements are true; 
however, it is seldom that this forces such a narrow and explicit connection. 
Secondly, this theorem says that it is always possible to demonstrate the incon- 
sistency of an unsolvable system by exhibiting as a linear combination an equa- 
tion that is false for all values of the unknowns. Thus both parts of the theorem 


+ dutta = 
dy = Wilin + * 
d= wie, + | 
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yield information through the medium of linear combinations. 

The statements of Theorem 2 (b) can be strengthened to constructive 
assertions, that is, there is a finite computational procedure that will find the 
multipliers w, - - - , w, in the linear combinations (and hence the solution to the 
transposed system) for every case. This procedure is based on the familiar tech- 
nique for eliminating an unknown from the system. 


THEOREM 3. The process of elimination either yields a solution for S or exhibits 
an equation 


Ox, +--+ + 0x, = d, with d 0, 
as a linear combination of the equations of S. 


Although the technique of elimination is known to every algebra student in 
practice, it will be described here for the sake of comparison with the generaliza- 
tions to follow. (Actually, “elimination” is something of a misnomer; for formal 
reasons, we will not eliminate an unknown, but will make all of its coefficients 
equal to zero.) It is applied only to systems S in which some coefficient cy: is 
different from zero. For notational convenience, assume that ¢ #0, renumbering 
unknowns and equations if necessary. Then define a new system S’ of r equations 
in the unknowns «++, by: 


Ox + 0x2 + ee + 0x, = 0 


€21C12 C21Cin C21 
Oxi + C22 — Con — tn = — 
Cu Cu 


Cu Cu Cu 


The formation of this system follows an obvious rule; it is obtained by subtract- 
ing Cu/cu times the first equation from the kth equation for k=1,---, fr. 
Thus the coefficient of x; in the kth sum equation is Ci —¢uc¢n/cu=0 for Rk 
=1,---, 7. The seemingly redundant first equation, 0x.+ --- +0x,=0, is 
retained to avoid the logical complications involved in considering void systems. 
The proof of Theorem 3 is then based on the following three assertions: 

1° Every equation of S’ is a linear combination of the equations of S. 

2° If S’ ts solvable, then S is solvable. 

3° More unknowns have all zero coefficients in S' than in S. 


The details of the proof are straight-forward and will not be given. Theorem 2 
(b) follows immediately from Theorem 3; however, the details of this derivation 
are also omitted because we shall prove a more general statement for inequalities 
in Section 3. At this stage, presenting the proofs might obscure the simplicity 
of the logical structure of the results. To emphasize this structure, the theorems 


(S’) 
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will be reproduced in a condensed form to arm the reader for the section that 
follows. 
The core of this section is contained in the diagram: 
solution 


contradiction x1 Me Xe 


Cig °°? Cm | 


We | C21 C2 


3 
ll 


w, | Gn | = 
=0 =0---=0/ #0 


It presents a schematic expression of the statement that exactly one of the two 
systems 


(S) 

+ + Cn tn = 
and 

W304, + +++ + = 0 
(T) 


Wilin + + = 0 
+:---+ #0 


is solvable. A solution to T means that S is inconsistent. Successive elimination 
of x1, - : +, Xn leads either to a solution for S or to a solution for T. 

The relation of solvability to consistency for linear equations should now 
be clear. Any confusion is caused by two different uses of the word consistency. 
The first (which we have called “consistency”) might be called “consistency 
with respect to consequences” (following Church [2]) and is the notion that is 
used interchangeably with “solvability” because Theorem 1 is valid. The second 
might be called “consistency with respect to linear combinations” and leads to 
the following formulation of the results: Forming a linear combination is a rule 
of inference (i.e., never leads from true statements to a false statement) for 
systems of linear equations. If a system S is solvable then every. consequence 
can be derived in this manner. If S is inconsistent with respect to consequences, 
then it is inconsistent with respect to linear combinations. Elimination is an 
effective procedure for deciding whether a system is solvable or inconsistent 
(in either sense). 


| 
> 
‘ 
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3. Systems of linear inequalities. The object of this section is to establish 
conditions for the solvability of general systems S of linear inequalities. We shall 
pattern our definitions upon those given for equations and, happily, the same 
theorems will be found to hold with only slight and obvious modifications. 

The systems S under consideration are assumed to contain p+ q>0 inequali- 
ties in the unknowns x, - - - , X,; of these p20 are assumed to be strict. Thus, 
they can be written 


(S) + + > p) 
bax + + (j=1,--+,9) 
where the ai, bj, and b; (i=1,---, 7=1,---, R=1,---, m) are 


given real numbers that define the system S. Again, no assumption is made 
concerning the right hand members a; and 6;, and the inequalities are called 
inhomogeneous. 

An indexed set X of real numbers (41, - - - , %n) is called a solution for S if 
all of the inequalities 


+--+ + Ginkn > (¢=1,---, p) 
+ +++ + Yg=1,---,@ 


are true statements. The set of solutions for S is denoted by §(S), and is possibly 
empty. An inequality, 


+ + d,x,Rd, 


where & is one of the relations > or 2, in the unknowns 4%, - - - , X» is called 
a consequence of S if di#i:+ --- +d,%,Rd is a true inequality wherever #= 
(41, + * +, €,) is a member of §(S). If S is not solvable then every inequality in 
the unknowns 4%, - - - , X, is a consequence of S. A system S is said to be in- 


consistent if the inequality 
0x, + vat + 0x, > 0 


is a consequence of S; otherwise, it is called consistent. The choice of this “stand- 
ard” contradiction will be explained below. 

The logical connection between solvability and consistency holds without 
change; to emphasize the strict parallel, this theorem and those following it will 
be given roman numerals corresponding to their counterparts for equations. 


THEOREM I. A system S is solvable if and only if it is consistent. 


Proof. If S is solvable, choose any X =(4, - - - , n)€S(S). Then 04+ - - - 
+02, is equal to zero by the rules for operating with real numbers and hence 
0%+ --+- +0%,>0 is not a true inequality. Hence 0x+ --- +0x,>0 is nota 
consequence of S and S is consistent. 

On the other hand, if S is not solvable, then every inequality in x, --- , x» 
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is a consequence of S. In particular, 0x1+ + - - +0x,>0 is a consequence of S 
and S is inconsistent. 

The significant content of the theory of linear inequalities is found again in 
the form of the consequences that can be derived from S and the manner of 
their derivation, namely, as linear combinations. We must exercise some care 
in forming these, but no more than is indicated by the following rules for mani- 
pulating inequalities. 

RULE 1. Any inequality (strict (>) or ordinary (2)) still holds if it is multi- 
plied by a positive number throughout. 

RULE 2. Strict inequality (>) holds for the sum of two similarly directed 
inequalities if and only if strict inequality holds in at least one of the summands. 
Ordinary inequality (2) can always be asserted for the sum. 

RULE 3. Strict inequality (>) always implies ordinary inequality (2). 

These three rules make possible a precise description of the nature of the 
linear combinations that will be used. Rule 1 suggests that the multipliers should 
be restricted to be non-negative (a zero multiplier means that that inequality is 
not being used). Rule 2 says that the relation holding for the linear combination 
can be > only if some strict inequality has a positive coefficient. Rules 2 and 
3 say that the relation 2 can always be asserted for the linear combination. 
Following these precepts, form a multiplier scheme patterned on the scheme 
used for equations, with non-negative multipliers at the left and the sum below: 


Om+---+ Ox, > -1 
4, 20: + +++ + Cinta > 
120: + 2 
= 0: + + Dentn by 
dia, + +++ + 


The insertion of the first line is related to the choice of a standard inconsistent 
inequality. The coefficients of the sum are easily calculated to be: 


dy = + + + + + Ogden 
d + tpt, + + + 
An inequality, 


i diz, + +++ + d,x,Rd, 


} 
{ 
j 
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that is formed in this manner from a system S, is called a legal linear combination 
of the inequalities of S provided that R is 2,0r Ris > and some 4; is positive 
(¢=0, 1, - - +, p). The reader should notice that this definition has been framed 
so as to conform to Rules 1, 2, and 3 and thus to insure the fact that every legal 
linear combination is a consequence. Another important fact to be noted is that 
every inequality in the multiplier scheme above can be proved to be a legal 
linear combination by choosing its multiplier equal to one and all other multi- 
plies equal to zero. In particular, the definitions make 0x,+ --- +0x,>-—1 
a legal linear combination of every system. 

With these definitions, the central theorem on the solvability of systems of 
inhomogeneous linear inequalities is: 


THEOREM II. (a) Every legal linear combination of the inequalities of S is a 
consequence of S. (b) If S is solvable then every consequence of S is a legal linear 
combination of the relations of S. If S is not solvable, then the inequality 


+ 0x, > 0 
is @ legal linear combination of the relations of S. 


Proof. Theorem II (a) follows immediately from the definitions and Rules 1, 
2, and 3. As before, the statements of Theorem II (b) will be strengthened to 
constructive assertions; that is, elimination is an effective procedure for finding 
the multipliers uo, M1, , Ug in the legal linear combinations for 
every case. Precisely, the proof of Theorem II (b) will be based on 


THEOREM III. The process of elimination either yields a solution for S or exhi- 
bits the inequality O0xi+ - +--+ +0x,>0 as a legal linear combination of the in- 
equalities of S. 


Proof. The process of elimination is applied only to systems S in which some 
coefficient a;; or b;; is different from zero. Assume that /=1, renumbering un- 
knowns if necessary, and set about eliminating x, from the system. Separate 
the inequalities of the system into three classes (Classes I, II, III) according to 
whether the coefficient of x; is positive, negative, or zero. These classes will be 
distinguished notationally by the number of primes on the indices. Define a 
new system S’ of inequalities in the unknowns - , by: 


Ox, + Oxe + +--+ Ox, > 


Gi'n Ayn ay 
(S’) On + (= —- ) 


for all pairs 7’ and with ay, >0 and aj <0, 


i’ by b jin ay b 
On + (= - +(2 -— ) 


for all pairs i’ and j"’ with aj, >0 and by, <0, (S’ continues on next page.) 


| 
| 
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bj 


for all pairs j’ and 1”’ with bj, >0 and aj <0, 


bin bin bya 


for all pairs j’ and j”’ with bj, >0 and bj, <0, 

Ox, + + > Ayr 
for all with ay, =0, 

Ox + + dyn 


for all j’"’ with bj. =0. 

Although it may seem formidable at first glance, the formation of the system 
S’ follows a simple rule. Namely, the coefficient of x; in each inequality in Class 
I is made +1 through the use of the positive multipliers 1/aj. and 1/b;, while 
the coefficient of x; in each inequality of Class II is made —1 through the use 
of the positive multipliers —1/a,;. and —1/b;.. By Rule 1, the inequalities are 
all preserved. Then, all pairs of inequalities, one from Class I and one from Class 
II are added and the inequality type of the sum is assigned by Rule 2. The in- 
equalities of Class III are copied, unchanged; the first inequality, 0x,+ - - - 
+0x,>-—1, is inserted in S’ to avoid the logical complications involved in 
considering the empty system that would arise if all of the inequalities of S were 
in Class I or II. This characterization of the formation of S’ proves: 


1° Every inequality of S’ is a legal linear combination of the inequalities of S, 
and hence is a consequence of S. 


Another manner of viewing the formation of S’ is revealed by isolating x; on 
one side of all of the inequalities of Classes I and II, then pairing the results as 
follows: 


Xn > v1 > 
air ait aint ait 


by Djrre ay Ava Gin 
= 


ay by bin 


2 
bin bj bin 


; 

for all pairs i’ and i’ with aj, >0 and aj <0, 
| for all pairs i’ and j’’ with aj, >0 and bj <0, 
‘ 
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for all pairs j’ and 2”’ with 6; >0 and ay <0, 
by by bys birn 


x 
bye bir bin 


for all pairs j’ and j’’ with bj, >0 and 6; <0. 

(Again, the reader should not ignore the possibility that either Class I or 
Class II might be empty, in which case there would be no such pairs; he should 
check that each assertion holds in this case, too.) If x; is dropped from each of 
the pairs and the result arranged with unknowns on the left and constants on 
the right, and if the inequalities of Class III and 0x,+ ---+0x,>-—1 are 
adjoined to the system, the result is exactly S’. 

Suppose #:, ---, &, solve S’ (note that x, can be given any value in this 
system). Then, arranging S’ as in the previous paragraph, the inequalities that 
are not in S are: 


ay by bse by 
The problem of completing #, --+-, %, to a solution for S by a proper 


choice of % is clearly that of fitting #, into these inequalities as required by the 
system immediately above them. With an eye to picking out those inequalities 
of S that restrict the choice of #, most severely, define 


ay 
i Girt Givn 
by Dive 
bes bia 
Ayre 
a’ = min — 
ge" 
by 
B’= min — — — — 
Byrn 


(We shall adopt the convention that a maximum over an empty set is — 
while a minimum over an empty set is +. Thus, if there are no inequalities 


i 
' 
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in Class I, a’ = — ©, etc.) It is important to realize these maxima and minima 
are actually achieved for a proper choice of the indices z’, j’, i’’, and j”’ if the 
sets concerned are non-empty, and so among the inequalities immediately above 
one can find: 
a’ > a’, > a’, > B’, and => B’, 

(where the inequalities are trivially true if the sets are empty and the conven- 
tion is sppplied). 

If >a’, <a’’, and % then &, 18 a solution for S. 

Proof. Since the inequalities in S of Class III are also in S’, only those of 
Classes I and II need be checked. For these, 
+ + + > + + +++ + 

= (ay — — — + + +++ + = 

for all 2’ with a; >0, 


(Gir — — + — + + = air 


for all 2’’ with a, <0, 

= (bj — — — + + + = Oy 
for all with b;,>0, 


for all j’’ with bj. <0. This proves that S is solved by %, £2, , 

To choose an % satisfying these conditions, consider the four exhaustive 
cases, corresponding to the four possible orderings of a’ with 8’ and a’’ with B’’, 
separately: 

CasE 1. B’Sa’ and a’’ SP”. 

Choose so that a’ <%<a’’. 

CasE 2. B’ Sa’ and 

Choose #, so that a’ 
CasE 3. a’ <6’ and a’’ 
Choose #, so that B’<4%,<a’’. 
CasE 4. a’ <B’ and B’’<a"’. 
Choose so that 
This proves the crucial fact: 


2° If S' is solvable, then S is solvable. 


- 
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Suppose that the process of elimination is applied several, say h, times to 
yield successively the systems S, S’, S’’,---, S®. It is clear that 1° and 2° 
still hold, with S” replacing S’. The only detail that needs verifying, namely, 
that legal linear combinations of legal linear combinations are legal linear com- 
binations, is obvious and tedious to write out. The termination of the process 
is insured by a third property of S’ relative to S. 


3° More unknowns have all zero coefficients in S’ than in S. 


This is clear, since any unknown with all zero coefficients in S still has all zero 
coefficients in S’ while x, had a non-zero coefficient in S (some aa or bj, was 
assumed non-zero) and has all zero coefficients in 5S’. 

Property 3° insures that the process of elimination must end after a finite 
number of steps (no more than m) with a system S™ in which all of the unknowns 
have all zero coefficients. If all the right hand members of the strict (or ordinary) 
inequalities are negative (or non-positive) then any set of numbers X =(H, - - -, 
&,) solves S” and hence S is solvable by h applications of 2°. Otherwise, 
Oxy+ ---+0x,>d with some d20, or 0x,+ --- +0x,2d with some d>0 
appears in S”. In this case, the proof is completed by writing down the two 
multiplier schemes: 


1: Ou +---+02,>d, withanyd20 


d: +---+0x,>-—1 
Om +---+0x,>0 


1: Ox. +---+0x,2¢d, withanyd>O 


d: Ox, +---+0x,>-1 
Ox, +---+0x,>0 


(The reader should verify that the result is a legal linear combination in each 
case.) Hence, 0x1+ - - - +0x,>0 is a legal linear combination of S” and can 
be exhibited as a legal linear combination of the inequalities of S (and possibly 
Ox+ +--+ +0x,>-—1) by at most 4+1 applications of 1°. This completes the 
proof of Theorem III. 

Before returning to the proof of Theorem II (b), these results will be sum- 
marized in a multiplier scheme. This diagram expresses the fact that exactly 
one of the two systems listed there admits a solution. A solution to T means 
_ that S is inconsistent. Successive elimination of x, -- +, x, leads either to a 
solution for S or to a solution for T. 


~ 
| 
i 
| 
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solution 
0 0 O|>-1 
not = 0 *** Ain > a 
all an G22 *** Gon | > de 
| zero 
up =O} Apr Gyn | > Gp 
120 bu bie bin | 2 
%2 20] bn dee ben | 2 de 
20| ben | by 
=Q = 
The system S is defined by 
The system T is defined by 
+ + + Mibu + + = 0 = 1,---,m) 
— Mo + + + + +--+ + = 0 
with all of the unknowns uo, , Up, 11, , NON-negative and not all 
of the uo, , equal to zero. 


Proof of Theorem II(b). The case for systems without solutions is stated 
directly in Theorem III and so it is only necessary to show that, for solva- 
ble systems, every consequence is a legal linear combination. Assume that 
the strict inequality dixi+ - - - +d,x,>d is a consequence of S. Thus, if X= 
(4:1, - + -*, &,) is any solution for S, then d,#,+ - - - +d,%, is a number that is 
larger than d. This means the insolvability of the system U (to save rewriting 
the system, multipliers have been included): 


Oxm+---+ Oxr,>-1 


(U) 20: + +++ + Gintn > (i= 1,---, p) 
0,20: + bjnx, 5; Gj =1,---,q) 
t20: — dye, 2 —d. 


By Theorem III, there exist non-negative multipliers t%, i, - - - 
d,, with not all of - , equal to zero, such that 
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+ + + + + — id = O (1 = 1, 


If ? were known to be positive, then all of these equations could be divided by it, 
establishing dixi+ - - - +d,x,>d as a legal linear combination of the inequali- 
ties of S. Recall that S is assumed to be solvable and let %, - - - , £, be a solution. 
These have been written as multipliers at the left of the last system, using —1 
to multiply the last equation. Multiplying and adding, 


tio + > +--+ + — as) + +--+ + dindn — 05) 
i i 


Since the left side of this equation is positive, the right side is also, and hence 
i#>0. Hence dixi+ - - - +d,x,>d is a legal linear combination of the inequalities 
of S with multipliers - --, tp/t, t/t, If the consequence 
is an ordinary inequality dix,+ - - - +d,x,2d, a few changes must be made in 
the proof. The inequality —dixi:— - - - —d,x,2 —d in U should be replaced by 
—dix,— --+ —d,x,>-—d. Using the same notation for multipliers, the same 
transposed system of equations is obtained, with not all of io, th, - - - , &p, and 
i equal to zero. If # is assumed zero, we are in the previous case (with not all of 
tio, 1, - + - , &p equal to zero) and can conclude />0 as before, a contradiction. 
Hence # is positive and dixi+ - - - +d,x,2d is a legal linear combination of the 
inequalities of S with multipliers a/i,---, t/t, -- +, This 
completes the proof of Theorem II (b). 

4. An infinite example. Of course, the results of Section 3 can be paraphrased 
in logical terms exactly in the form of the conclusion to Section 2. At this point 
the reader may be led to the erroneous belief that consistency with respect to 
consequences is always equivalent to consistency with respect to linear combi- 
nations for linear systems. The following (infinite) system shows that this is not 
so. 


(S) x>—1/n (n = 1, 2,3,---). 


Clearly x 20 is a consequence of this system, yet is not a linear combination of 
any number of inequalities of S. We infer that 


—-<x>0, (mn = 1, 2,3,---) 


is inconsistent with respect to consequences but is consistent with respect to 
linear combinations. The natural way out of this dilemma is to add new rules of 
inference based on limiting operations. 
; 5. Acknowledgments and historical remarks. The author is indebted to 
T. S. Motzkin, who first suggested that his “transposition theorem” [6] might 
be viewed as asserting the disjoint alternatives of solvability or contradiction 
via linear combination. He also called attention to a remark of Fourier [5] that 
elimination was a natural method for solving linear inequalities. However, the 


| 
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author takes full responsibility for the logical consequences of these ideas. 

Elimination, as a method for solving linear inequalities, has been used for 
theoretical purposes by a number of authors, notably by Dines [4]. However, 
his treatment seems to conceal rather than emphasize the parallel with equa- 
tions. 

The distinction between logical consequences and provable consequences 
for logistic systems was first made by Tarski [7]. Our definition of the logical 
consequences of a system of linear equations or inequalities is in an obvious way 
parallel to Tarski’s definition of logical consequence, but the two are not the 
same. They might be compared in the following manner. The logical conse- 
quences, in the sense of this paper, of a system of equations or inequalities are 
the same as the logical consequences, in Tarski’s sense, of the system together 
with some categorical system of postulates for the real numbers—provided 
that the unknowns in the equations or inequalities, before considering the con- 
sequences in Tarski’s sense, are first replaced by new symbols, which play the 
role of primitive constants, and which do not appear elsewhere. The author is 
indebted to A. Church for unraveling the relation between the two ideas; the 
general metatheorem parallel to Theorems 1 and I, and valid for functional 
calculi of all orders is stated by Church in [2]. 
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SELECTED SELECTION THEOREMS 
E. MICHAEL,* University of Washington 


1. Introduction. The theory of selections, a systematic account of which 
appears in the Annals of Mathematics [6] [7] [8], contains two theorems which 
are both of general interest and relatively easy to prove ((6; part of Theorem 
3.2'’] and [7; part of Theorem 1.2]). The purpose of this note is to make these 
theorems, together with their proofs and some applications, accessible to the 
casual reader, who might find the sheer bulk of the more detailed Annals in- 
vestigation somewhat discouraging. 

If X and Y are topological spaces, and ¢ a function from X to the subsets 
of Y, then a selection for ¢ is a continuous f: XY such that f(x) €¢(x) for every 
x in X. All other unfamiliar concepts appearing in the following theorems will be 
defined at the end of this introduction. 


THEOREM 1 [6]. If X is a paracompact space, then every lower semi-continuous 
function » from X to the non-empty, closed, convex subsets of a Banach space Y 
admits a selection. 


THEOREM 2 [7]. If X is paracompact and zero-dimensional, and if Y is a 
complete metric space, then every lower semi-continuous function from X to the 
non-empty, closed subsets of Y admits a selection. 


The difference between Theorem 1 and Theorem 2, it should be noted, is 
that Theorem 1 restricts the range of ¢, while Theorem 2 restricts its domain. 
Intermediate results, where dim X <m and where the range of ¢ is subjected to 
restrictions weaker than those in Theorem 1, can be found in [7; Theorem 1.2]. 

It is shown in [6; Theorem 3.2’’] that the converse of Theorem 1 is also true; 
in other words, any 7;-space X which has the property stated in Theorem 1 is 
paracompact. This provides a new characterization of paracompactness. 

We now state the three most important corollaries to Theorems 1 and 2. The 
first of them was first proved by R. Bartle and L. Graves [2]; the second and 
third are Corollaries 1.4 and 1.5 of [7]. 


Coro.vary 1 (Bartle-Graves). If X and Y are Banach spaces, and if u: YX 
is continuous, linear, and onto, then there exists a continuous f:X—>Y such that 
uf (x) =x for every xGX.** 


CoroOL_ary 2. If X is a zero-dimensional paracompact space, Y a complete 
metric space, and if u: YX is continuous, open, and onto, then there exists a con- 
. tinuous f:X—Y such that uf(x) =x for every xEX. 


* The results in this paper were obtained while the author was an A. E. C. fellow. 

** One can not always pick f to be linear, since this would imply the existence of a continuous 
projection from Y onto the null-space of u, which need not exist {9}. One can, however, at least 
pick f such that f(ax) =af(x) for every scalar a [6; Proposition 7.2]. 
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CorROLLary 3. Let X be a zero-dimensional paracompact space, let C be the 
complex numbers, and let g: X—>+C be continuous. Also let w be any polynomial with 
complex coefficients.t Then there exists a continuous f:X-—>C such that w(f(x)) 
=g(x) for every x in X.t 


We conclude this introduction with a quick review of our principal concepts. 
Let X be a topological space. A function ¢ from X to the subsets of a topological 
space Y is lower semicontinuous if {x€X|¢(x)-\UX¢} is open in X for every 
open UCY. If Uand @ are coverings of X, then V is a refinement of W if every 
VEU is a subset of some WEW. A collection U of subsets of X is locally finite 
if every x©X has a neighborhood which intersects only finitely many VEV. 
We call X paracompact if it is Hausdorff, and if every open covering of X has 
an open, locally finite refinement. (It is known [3] [10] that every metric space 
and every compact Hausdorff space is paracompact, and that every paracom- 
pact space is normal; for more details, see [4; p. 156].) Finally, X is zero-di- 
mensional (dim X =0) if every finite open covering of X has a disjoint, finite, 
open refinement. This implies (and for compact Hausdorff or separable metric 
spaces is implied by) the condition that X has a base consisting of sets which are 
both open and closed. 


2. Proof of Theorem 1. Before embarking on the proof of Theorem 1, we 
state, and for completeness prove, a useful and standard result about “partitions 
of unity” on paracompact spaces [5]. 


Proposition 1. Jf { Va} aca is a locally finite, open covering of normal space X, 
then there exists a family {pabaca of continuous functions from X to the closed 
unit interval with the following properties: 

(a) pa vanishes outside Va, 

(b) Lacapa(x) =1 for every x in X. 


Proof. By a theorem of Dieudonné, [3; Theorem 6], there exists an open 
covering {Wa}aca of X such that W.C Va for every xEX. By the normality of 
X, we can find continuous functions g.:X—[0, 1] such that 


Qa(x) = 1 Wa, 
=O x EX— Vay. 
Now define p.:X—[0, 1] by 
Pa(x) 


ga(x) 
BCA 


t As the proof shows, w may actually be any open (in particular, any analytic) map from a 
subset of C into C whose range contains g(X). 

t This corollary can be used to prove the known result that every normal operator A on a 
Hilbert space has an n-th root lying in the smallest strongly closed *-algebra of operators contain- 
ing A. 


is 

- 
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The family { Pa} ac a satisfies all our requirements. 
Turning now to the proof of Theorem 1, we begin with the following lemma, 
which will be used in an inductive proof of the theorem. 


Lemma 1. If X is paracompact, Y a normed linear space, ¥ a lower semi-con- 
tinuous function from X to the non-empty convex subsets of Y, and r>0, then there 
exists a continuous f:X—+Y such that f(x) for every xEX.* 


Proof. For every yEY, let Uy={xEX|yvES,(W(x))}. Then 
Uy = {x E X| Hx) ¥ 


and it follows from the definition of lower semi-continuity that every U, is open 
in X. Hence { U,}yey is an open covering of X, and therefore has an open 
locally finite refinement { Va}aéa.t Now pick the family {p.}.c¢a of continu- 
ous functions from X to the interval [0, 1] as in Proposition 1. Also pick, for 


each aGA, a y(a)EY such that V.C Uy). The desired f:X—>Y can now be 
defined by 


f(x) = palx)y(a). 
ala 


To see that this works, observe first that each x€X has a neighborhood U 
intersecting only finitely many V,, and on this U, f is the sum of finitely many 
continuous functions. Hence every xX has a neighborhood on which f is con- 
tinuous, and therefore f is continuous on X. Moreover, for each xEX, f(x) isa 
convex, linear combination of finitely many y(q), all of which lie in the convex 
set S,(W(x)), and hence f(x) EG S,(y(x)). This completes the proof of the lemma. 

Proof of Theorem 1 itself. We are going to construct a sequence of continuous 
functions f;:X—>Y such that, for every xEX, 


(a) fix) € (¢ = 2,3, -- 
(b) fi(x) € 1,2, -->+). 


This will be sufficient, because then (by (a)) the sequence {f;}/,, is uniformly 
Cauchy, and therefore converges uniformly to a continuous f:X—Y, and it 
follows from (b) that f(x) G(x) for every x in X. 

We construct {f;}2, by induction. The existence of a function f;, satisfying 
(b) for 1=1, follows immediately from Lemma 1. Suppose that fi, - - - , f, have 
been constructed to satisfy (a) and (b) for i=1, ---, m, and let us construct 
fnsi to satisfy (a) and (b) for i=n-+1. 

For each xEX, let 


* If Bis a subset of a metric space Y with metric p, and if r>0, then S,(B) denotes fyE Y| 


p(y, B) <r}. 
We assume that Vg for 


- 
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then @a4:(x) is never empty by our induction hypothesis. Let us check that 
¢n+1 is also lower semi-continuous. We must show that, if U is open in Y, then 
V={xEX|dbasi(x) VU @} is open in X; to do this, we will show that every 
xo€ V has a neighborhood contained in V. Now for xo€ V, pick yoEo(xo), and 
a positive \<2-" such that yo Sy(fn(x0)). Let 


Wi = {x © X| OU) 
Wa = {x X| falx) }. 


Then W, is open because ¢ is lower semi-continuous, Ws is open because f/f, is 
continuous, and CV. 

Since $4: is lower semi-continuous, we can apply Lemma 1 to find a con- 
tinuous Y such that 


for every x€X. But then 


fn41(2) S2(f,(x)), 


which is (a), and 


which is (b). 

3. Proof of Theorem 2. In the proof of Theorem 2, we shall need the equiva- 
lence of (a) and (b) in the following elementary and known result, which we 
prove here for completeness. Note that for compact X the equivalence of (a) and 
(b) is obvious. 

PROPOSITION 2. The following three properties of a normal space X are equiv- 
alent: 

(a) Every finite open covering of X has a disjoint finite open refinement (i.e., 

dim X =0). 

(b) Every locally finite open covering of X has a disjoint open refinement. 

(c) If ACVCX, with A closed and V open, then there exists an open and 

closed WCX with ACWCYV. 


Proof (a)—>(c): Let A and V be as in (c). Then { V, X—A} is a finite open 
covering of X, which by assumption has a finite, disjoint open refinement VU. 
Let W be the union of all elements of U which are subsets of V. The W satisfies 
all our requirements. 

(c)—+(b): Let { Ua} aca be a locally finite open covering of X. Again applying 
Dieudonné’s theorem [3; Theorem 6], we can find an open covering { V.} of X 
such that V.C U, for all a. By assumption we can now find, for each a, an open 
and closed W, such that V.cCW.CU.. Now well-order the index set A, and 
for each aGA, let Ra = Wa—WUseaWs. Now for each a, Usea Wa is the union of a 
locally finite collection of closed sets, and is therefore closed. Hence each R, is 


? 
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open, and {Ra}aea is a disjoint, open refinement of { Us} aca. 

(b)—>(a): This is obvious. 

Having established Proposition 2, we now turn to the proof of Theorem 2. 
It begins with the following lemma, which is a precise analogue of Lemma 1. 


LEMMA 2. If X is paracompact and zero-dimensional, Y a metric space, y a 
lower semi-continuous function from X to the non-empty subsets of Y, and if r>0, 
then there exists a continuous f:X—+Y such that f(x)ES,((x)) for every x in X. 


Proof. For every yEY, let U,= {xEX yES-(W(x))}. Just as in the proof 
of Lemma 1, each U, is open in X, and { Uy}yey is an open covering of X. Since 
X is paracompact, { U,}yey has an open, locally finite refinement R. Since X 
is a zero-dimensional normal space, R has an open disjoint refinement @, by 


Proposition 2. For each WED, pick a y(W) E Y such that WC U,m), and define 
f:X-Y by 


f(x) = »(W) if W. 


It is obvious that f satisfies all our requirements. This completes the proof of the 
lemma. 

Theorem 2 now follows from Lemma 2 in verbatim the same way that Theo- 
rem 1 followed from Lemma 1. 


4. Proof of the corollaries. To see how Corollary 1 follows from Theorem 1, 
we begin by observing that, by the open mapping theorem of Banach [1; p. 38, 
(1) ], « is open (i.e., maps open sets into open sets). Define ¢ from X to the non- 
empty, closed, convex subsets of Y by $(x) =u~'(x). The openness of u immedi- 
ately implies (in fact, is equivalent to) the lower semi-continuity of ¢. Since X is 
a Banach space, it is metric, and therefore paracompact. Hence, by Theorem 1, 
there exists a selection f for ¢, and this f obviously satisfies our requirements. 

The proof that Theorem 2 implies Corollary 2 proceeds in precisely the same 
fashion, except that this time it is assumed that u is open. 

Finally, observe how Corollary 3 follows from Theorem 2. The polynomial 
w, like any analytic function, maps open sets into open sets (see, for instance, 
[11]). This implies that the function ¢ from X to the closed, non-empty subset 
of C, defined by $(x) =w—(g(x)), is lower semi-continuous. Hence, by Theorem 
2, there exists a selection f for @, and this f clearly does the trick. 
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ESSENTIAL MAPPINGS* 
M. K. FORT, JR., The University of Georgia 


1. Introduction. The reader is requested to perform (at least mentally) the 
following experiment. Tie the ends of a piece of string together to form a loop, 
drive two pegs into a plane surface, and place the loop around the pegs as in 
Figure 1. 


Fic. 1 


Now, if one attempts to pull the string from around the pegs, keeping it on 
the plane and not lifting it over the pegs, it will be discovered that this is im- 
possible. However, if either of the pegs is removed, then it is easy to pull the 
loop free from the other peg. 

In this paper we discuss a generalization of this phenomenon. It is shown 
that if m is any positive integer, and m pegs are inserted into the plane surface, 
then it is possible to place the loop around the pegs in such a way that it is 
impossible to slide the loop free from the pegs, but if any one of the pegs is re- 
moved then it is possible to slide the loop free from the remaining n—1 pegs. 
Such a position of the loop for the case » =3 is shown in Figure 2. 


* This work was completed during a period in which the author was partially supported by 
National Science Foundation grant NSF-G1353, 
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Fic. 2 


2. A theorem about essential mappings. Let E* be Euclidean 2-space, and 
let J be the closed interval of real numbers from 0 to 1. If X is a subset of E?, 
a path in X is a mapping (continuous function) on J into X. A path f is a loop 
if f(0) =f(1). If p=f(0) =f(1), then f is a loop at p. 

If f and g are paths in E? and f(1) =g(0), then fg is the path h for which 


h(t) f (22), Osis 3, 
h(t) = g(2¢ — 1), $3731. 


If f, g and & are paths for which f(1) =g(0) and g(1) =h(0), then fgh is defined 
to be the path (fg)h. Likewise, fghk is (fgh)k, etc. 

If f is a path, then f~! is the path defined by f—'(t) =f(1—2). 

If f and g are paths in X, f(0) =g(0) and f(1) =g(1), then f and g are equiva- 
lent in X if and only if there exists a continuous function H on JXJ into X such 
that: 

(i) H(O, t) =f(t) for OS¢S1; 
(ii) H(1, t)=g(t) for 81; 

(iii) H(s, 0) =f(0) =g(0) for OSs 81; 

(iv) H(s, 1)=f(1) =g(1) for OSs 31. 

The basic facts concerning paths, loops and equivalence of paths are con- 
tained in [1]. 

The constant loop at p is the function f for which f(t) =p for each ¢ in J. A 
loop g in a set X is essential in X if and only if g is not equivalent in X to the 
constant loop at g(0). 

We now state and prove a theorem which is suggested by the string experi- 
ment. 


THEOREM 1. Jf A is a non empty finite subset of E*, then there exists a loop g 
which is essential in E?—A, but which is not essential in E*—B for every proper 
subset B of A. : 


Proof. For each positive integer m, let a, be the point (2n—1, 0), and let A, 
be the set whose members are a), - - - , dn. If the set A of our theorem has na 
members, then there exists a homeomorphism of E? onto itself which maps A 
onto the set A,. It follows that we may assume without loss of generality that 


A 
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for some n, A is the set A,. We prove our theorem by induction on n. 
We define for each positive integer n, paths u, and v, by the formulas 


Un(t) = (2m — 1+ cos at, sin xt) 
= (2m — 1 — cos xt, — sin 


for 


For each positive integer m, let p, =(2m, 0). We define loops f, at p, induc- 
tively by letting 
fi = mn, 
-1 
= 

We let R, be the range of f,. It is obvious that there exists a retract of 
E*—A, onto R,, and consequently f, is essential in E*—A, if and only if f, is 
essential in R,. We wish to prove by induction that f, is essential in R, for each 
positive integer n. It is well known that f; is essential in R;. Let us assume that 
fe is essential in R,, and show that this implies that f,4: is essential in Ri41. We 
define a loop gat by letting g It iswell known that is essential 
in Ri: if and only if g is essential in Ry4:. However, g is equivalent in Ry+; to 
If we can prove that is essential in Ry4:, then it will 
follow that g and fi: are also essential in Ry41. 

Let C be the circle with center a,4; and radius 1. Both R, and C are homeo- 
morphic to connected complexes, Ri4;=R,.UC, and R,(\C consists of the single 
point p. It follows from a well known theorem (see [1] p. 179) that the funda- 
mental group of Ri: is the free product of the fundamental groups of R; and C. 
Since fe, f,', and are essential loops in Ry, C, Ry and C respec- 
tively, it follows that h is an essential loop in Ry4;. We have thus proved that 
fn is essential in E*—A, for each n. 

Now let B be a proper subset of A,. We wish to prove that f, is not essential 


in E?—B. In order to accomplish this, we prove by induction the following 
slightly more general proposition: 


If B is a set which consists of a finite number of the points ai, d2, a3, * - - , and 
A,—B is non-empty, then f, is not essential in E?—B. 


The above proposition is obvious for »=1. Let us assume that it is true for 
n=k and that B is a finite subset of ai, a2, ds, - - - such that Ax4,—B is non- 
empty. If A.—B is non-empty, then f, is non-essential in E?—B, and hence 
fear is equivalent to ue41up07)1%41 Which is equivalent to a constant loop. If 
A,—B is empty, then and it follows that and are not 
essential in E*— B; and hence f,4: is not essential in E?—B. 


3. Conclusion. Although there is an obvious correspondence between the 
physical problem concerning the string which we stated in section 1 and the 
theorem which we proved in section 2, there is not a complete analogy between 


. 
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the two problems. This is seen by examining Figure 3. 


Fic. 3 


The strings pictured in Figures 1 and 3 project onto the same loop in the plane, 
and this loop is not essential in the complement of either of the two points. 
However, if one of the pegs is removed, the string in Figure 1 can be slid free 
from the remaining peg, while the string in Fig. 3 cannot be slid free from the 
remaining peg. We now formulate a mathematical theorem in 3-space which 
more nearly approximates the string problem. 

Let E* be Euclidean 3-space. If X is a subset of E*, a simple loop in X isa 
mapping f of I into X which has the property that f(¢) =f(s) if and only if either 
t=s or one of the numbers #, s is 0 and the other is 1. A simple loop f in X is 
isotopically non-essential in X if and only if there exists a mapping H of I XI into 
X such that: 

(i) H(O, t) for 
(ii) H(s, t) =f(O) if ¢=0, or s=1; 

(iii) for each fixed s, OSs<1, the function F, defined by F,(#) =H(s, t) isa 

simple loop. 
A simple loop in X that is not isotopically non-essential in X is said to be iso- 
topically essential in X. 
The following theorem is a mathematical formulation of the string problem. 


THEOREM 2. If A is the union of a finite number of parallel lines in E*, then 
there exists a simple loop in E*—A which is isotopically essential in E*—A, but 
which is isotopically non-essential in E*—B for every proper subset B of A. 


Proof. Let n be the number of lines in A. We may without loss of generality 
assume that A is the set of all points (2k—1, 0, r) for which r is real, k is an 
integer, and 1 Sk <n. Let f, be the plane loop which was defined in the proof of 
Theorem 1, let X(t) be the first coordinate of f,(#) and let Y(#) be the second 
coordinate of f,(#). We define paths g and h in E*—A by letting g(t) =(X(4), 
Y(t), 2¢) and h(t) =(2n+sin zt, 0, 1+ cos mt) for OSt 51. Since g(1) =h(0), the 

‘product path gh is defined. It is easily verified that gh is a simple loop in E*— A, 
and that gh has the properties of the loop whose existence is asserted in our 
theorem. 


Bibliography 
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MATHEMATICAL NOTES 


EpiTep By F. A. FIcKEN, University of Tennessee 


Because of the large number of papers on hand, consideration of new papers for this Department 
has been temporarily suspended. 


A CERTAIN CLASS OF SEMIGROUPS 
EUGENE SCHENKMAN, Louisiana State University and The Institute for Advanced Study 


Recently I had occasion to consider a certain cancellation semigroup S in 
which the equation ab =xba is solvable for x when a and 6 are arbitrarily given 
in S. It is clear that every group is such a semigroup; so also is every subsemi- 
group of a group which contains the commutator subgroup of the given group. 
On the other hand it will be pointed out here that such semigroups although 
more general than groups have many properties of groups. This will be done in 
connection with the proof of our main theorem below and the remarks following 
it. 

THEOREM. Jf S is a cancellation semigroup in which the equation ab=xba 
ts solvable for x when a and b are arbitrarily given in S then S contains a subgroup 
Gs and S is contained in a super group G* such that G*/G» is Abelian. 


Proof. We show first that S has a unique identity e. By assumption there is 
an eso that aa =eaa; it follows that a=ea, ea=e’a and e=e*. Then for any 6 in 
S, be =be? and b=be; similarly b=eb. Hence e is an identity for S. If f were also 
an identity then f=fe=e and hence e is unique. 

Now if a and b are arbitrary in S then by assumption ab =xba. We denote 
this x by [a, 6] and call it the commutator of a with b. This commutator is unique; 
for xba = yba implies x=y. 

[a, bd will be called the conjugate of b by a and will be denoted by 5°. 

Then N will be called a normal subsemigroup of S if N is a subsemigroup and 
if, for every m in N, n* is also in N for every s in S. 

If N is a normal subsemigroup of S then there is a homomorphism o of S 
under which the set of elements mapped onto ge is precisely N. That is, there is 
a mapping ¢ so that if b is in S then ab is defined to be bN, the set of elements 
bn where n ranges over NV; thus ob and o(ab) = (ca)(ob). As usual bN will 
be called a coset of S with respect to NV, and our assertion is that the set of co- 
sets constitutes a semigroup denoted by S/N which is a homomorphic image of 
S. For the proof of the above statements we refer the reader to [2], pp. 33-34, 
the proof for groups being applicable. 

We next show that the subsemigroup S’ generated by all the commu- 
tators of S is a group. We have ab=[a, b]ba and ba=[b, alab whence ab= 
[a, b|[b, alab and e=[a, b|[b, a]. Hence every commutator y has an inverse 
y—. Suppose mn - - - p, and rs - - - t are elements of S’ where m, n, p, r, s, and 
t are commutators; then the equation mn - - - p=x(rs - - - t) has for solution 
mn --- pt-!---+s—'¥-! which is in S’, and hence S’ is a group. S’ will be the 
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group Gs mentioned in the theorem. 

We will refer the reader to a criterion of Doss (cf. [1]), essentially a formula- 
tion of a result of Ore [3], for the proof that S can be imbedded in a group. The 
criterion of Doss requires that certain elements be regular on the left (a is 
regular on the left if for every b there are r and s so that ra=sb). Now in S we 
have that ab =xba and hence every element is regular on the left; it follows that 
S can be imbedded in a group K. We will let G* be the subgroup of K generated 
by the elements of S, and observe that every element of S has an inverse in G*. 

Now let [a, 6] be in Gs and let c be arbitrary in S. Then [a, b]*=caba—b-c 
=caba—c—b—bcb-'c— = [ca, b][b, c] is in Ge and hence Gy is transformed into 
itself by the elements of S. Then since the normalizer of S is a group (ef. [2] 
p. 26) it is clear that Gs is normal in G*, the group generated by the elements 
of S. But now modulo Gy the generators of G* commute with one another and 
hence G*/Gs is Abelian as the theorem asserts. This completes the proof. 

It is clear how one would define solvable, nilpotent, simple, normal series 
and so on for the above class of semigroups. In general one should have no diffi- 
culty in carrying over those theorems of group theory in which the ideas of 
conjugacy and normal subgroups play the major role. Also one notes that both 
simple and finite semigroups are groups and hence the distinction between com- 
position series by groups and composition series by semigroups appears in the 
infinite Abelian factors. 
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THE MATRIC EQUATION AX=B IN A FINITE FIELD 
J. H. Hopces, Duke University 


Let g=p" where # is a prime and let GF(g) denote the Galois field of order 
q. Capital letters A, B,--- will denote matrices with elements in GF(q). 
A(s, m) will denote a matrix of s rows and m columns and A(s, m; p) a matrix 
of the same dimensions having rank p. I(s, m; p) will denote the matrix of s 
rows and m columns having the identity of order p in its upper left-hand corner 
and zeros elsewhere. J, will denote the identity of order p. 

We seek the number (A, B) of solutions X(m,t) of the equation 


(1) AX = B, 


where A =A(s, m; p) and B=B(s, t; r) and rSp. By [1, p. 281, Corollary 1] 
there exist non-singular P, Q, R, T such that PAQ=I(s, m; p) and RBT= 
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I(s,t; r). If we put C= PR = (y;;), then (1) will reduce to 
(2) I(s, m; p)X = CI(s, t; 1). 


We will discuss the case when p St. By slight variations in the procedure, the 
same results are obtained when p>?t. We write (2) as 


0 OJLXn Cu Cr 
where Xu =Xu(p, p), t—p), Xn =Xa(m—p, p), X22 = X20(m—p, 


m—p) and Cu=Cu(p, p), s—p), Cu=Cu(s—p, p), 
s—p). This implies that 


(3) Xu X2=0; Xn, Xx are arbitrary 


and also a necessary condition on C, namely CyJ(p, p; r) =0. Writing this con- 
dition as 


[Cx = 0, where Cu = Cu(s — p, 7), Cu = Cul(s 


we obtain the necessary condition Cj,=0. Thus if y;;=0 for p<iSs, 1Si&r, 
the number of solutions of (2) is the number of choices of Xx, and Xe. Thus 
we have proved 


THEOREM 1. If the equation (1) has any solutions, their number is 
(4) N(A, B) = gi. 
The condition for the existence of solutions is given by 


THEOREM 2. A necessary and sufficient condition that the equation (1)have solu- 
tions X(m, t) is that there exist non-singular P, Q, R, T such that PAQ=I(s, m; 
p) and RBT =I (s,t;1r) andif C=PR™ = (y;;), then yi; =0 forp<issand 1SjSr. 


The same method may be used to determine the number N(A, B, C) of 
solutions U= U(s, m), V= V(t, m) of the matric equation 


(S) UA + BV =C, 

where A =A(m, n; ri), B=B(s, t; r2) and C=C(s, n; p). We are able to prove 
THEOREM 3. If the equation (5) has any solutions, their number is 

(6) N(A, B,C) = 


A necessary and sufficient condition, similar to that given in Theorem 2, 
may be obtained for the existence of solutions of (5). 


Reference 
1. Garrett Birkhoff and Saunders MacLane, A Survey of Modern Algebra, New York, 1941. 
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PARTICULAR INTEGRALS OF LINEAR DIFFERENTIAL EQUATIONS 
I. A. Barnett, University of Cincinnati 


In a recent issue of this MoNTHLY (March, 1955, p. 174), Fettis develops 


a method for obtaining a particular integral of the linear differential equation 
with constant coefficients 


YO 4 4 +a = f(x). 


The method given by the author is known as that of the Cauchy function and is 
explained in Goursat-Hedrick-Dunkel, Differential Equations, Vol. 2, Part II, 
p. 108. It applies equally well to equations with variable coefficients. 

It is interesting to note that the Cauchy function described by Fettis is 
closely related to the resolvent kernel of an integral equation of the Volterra 
type (Goursat, Cours d’ Analyse Mathématique, 5th ed. Vol. 3, pp. 309-21). 

In fact, let 


D(Y) = Y™ — d[ao(xz)¥- + + + ana(x)¥] = 0 


be a linear differential equation of the mth order containing the parameter \ 
and having variable coefficients a;(x). If the function K(x, y) defined by 
(x — y)? Gn—i(x)(x — 


is the kernel of the integral equation 


— A s)@(s)ds = g(x), 


and I(x, y; A) is the resolvent kernel of K, then 
P(e, 952) = 9) +0 f 55 as. 
v 


Let G(x, y; A) be the Cauchy function of D(y) =0. Then the relation referred 
to above is 


1 O°G(x, y;A 


If the coefficients a; are constant, the preceding functions have the respective 
forms K(x—y), I'(x—y; A) and G(x—y; A). Thus a particular integral is 
_ StG(x—s)f(s)ds as given by Fettis. For the special equation treated, namely 


ye — 2¥" +¥=f(x); (¢@=1), 


the kernel is 2(x—y)—#(x—y), and I(x, y; 1) =4$(x—y)ch(x—y) +$sh(x—y). 
The Cauchy function is 
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G(x — y) = (x — y) ch(x% — y) — sh (x — y). 


It may be verified that (x, y; 1) =GO(x, y; 1). 

Finally, similar remarks may be made for Cauchy functions of simultaneous 
differential equations for which we would need to consider systems of Volterra 
equations. 


UNIMODULAR COMPLEMENTS 


IrviING REINER, Institute for Advanced Study and University of Illinois 


A vector with rational integral components is called primitive if the greatest 
common divisor of its components is unity. A well-known theorem* (valid when 
the components lie in any principal ideal ring) states that any primitive vector 
can be completed to a unimodular matrix, that is, given any primitive row 
vector a, there exists a matrix of determinant +1 whose first row is a. 

Due to the many applications of this theorem, it may be of interest to point 
out that the result holds in situations more general than that of a principal ideal 
ring, although the standard proof* depends strongly on the hypothesis that all 
ideals are principal. In 1911, Steinitzt developed the theory of elementary divi- 
sors for matrices over the ring R of algebraic integers in an algebraic number 
field. Even though R is not in general a principal ideal ring, his results imply 
that if ai, - - - , an€R generate the unit ideal in R, then there exists a matrix 
with first row (a; - - - dn) whose determinant is a unit in R. The purpose of this 
note is to give a simple proof of this theorem, valid for any ring R in which 
classical ideal theory holds (see van der Waerden, Modern Algebra II, p. 83. 
New York, 1950, Ungar), and in particular valid for the case considered by 
Steinitz. 

The theorem clearly holds for »=1. When n=2, we note that the ideal 
(a1, a2) generated by a; and a2 in R consists of all sums x2 CR. 
Hence if (a;, a2) = (1), there exist bk €R for which 


a 


= 1, 
b; be 


so the result holds for n=2. 

Now let »>2, and assume the result established for a primitive k-component 
row vector, where k<n. Observe that if U is unimodular, then a= (a; - - - an) 
is completable if and only if aU is completable; for if a is the first row of the 
unimodular matrix 7, then aU is the first row of the unimodular matrix TU. 
Since U has an inverse, the argument also goes in the other direction. 


Next we show there exists bCR for which (a, «++, @n—2, = (1). 
For let (a1, -- +, be the factorization of (ai, - ++, 


* MacDuffee, Theory of Matrices, Th. 21.1, p. 31. Berlin 1933, Springer. 
¢ Math. Ann., Vol. 71, 1911, pp. 328-354. 


; 5 
j 


1956] CLASSROOM NOTES 247 


into powers of distinct prime ideals. We need only choose 6 so that 
ba, (mod p,) (¢=1,---,7#). 


For any p; dividing a,, this holds for all 5, since such a p; does not divide ay_1. 
For the p; not dividing a,,; the congruence @,x=dn_; (mod p,) has a unique solu- 
tion x;. For these p;, we impose the condition 


b= xX + 1 (mod pi). 


These congruences can be solved for b by the Chinese Remainder Theorem, 
which is certainly valid under the hypotheses on R (see van der Waerden, op. 
cit., II, p. 41). 

Now we have 


0 
—b 1 
with the above matrix unimodular. Furthermore, by the induction hypoth- 
esis, (a1 @n-2 @n-1—ba,) is completable to a unimodular matrix V. Hence 
(a, * Gn-2 Gn_1—ba, an) is completable to 
an 
V 0 
0---0 1 


This completes the proof. 


CLASSROOM NOTES 


EpiTEp sy G. B. THomas, Massachusetts Institute of Technology 


Because of the large number of papers on hand, consideration of new papers for this department 
has been temporarily suspended. 


THE IRRATIONALITY OF 2 


Rosert GaunttT, Purdue University, and Gustave Rasson, Antioch College 


(The following proof was invented by Robert James Gauntt, in 1952, while 
he was a freshman at Purdue. I was unable to induce him to write up his proof. 
G. R.) 

a? =26? cannot have a non-zero solution in integers because the last non-zero 
digit of a square, written in the base three, must be 1, whereas the last non-zero 
digit of twice a square is 2. 
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ADDITION THEOREMS FOR THE SINE AND COSINE 
Cart ConEen, Cambridge Junior College 


If the angles x and y are both positive and acute, the following construction 
leads to simple proofs of the addition theorems for the sine and cosine. We as- 
sume a knowledge of the formula for the area of a triangle in terms of two sides 
and the included angle, as well as the law of the cosine. 

We draw angles x, y, and x+y with common vertex A. Since x wd y are 
positive acute angles, a line perpendicular to the common edge AE of x and y at 
E will intersect the other edges of x and y as indicated in the figure, at points 
which we call B and C respectively. 


In this figure, the area S of ABC is: 
(1) Sane = $bc sin (x + y). 
On the other hand, by construction, 
(2) Sasc = Sace + Sasz = $bh sin y + $ch sin x. 
Equating (1) and (2), we obtain 

be sin (x + y) = bh sin y + ch sin x, 
and, after dividing by bc, 


h h 
sin (x + y) ty sin x cos y. 


Applying the law of the cosine, we write 


Cc 
A Pa 
a 
| 
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(3) a? = 5? + ¢? — 2bc cos (x + ¥). 
Again, by construction, we have a=p+g, therefore 
(4) a? = p? + + 9’. 


After appiying the theorem of Pythagoras to both right triangles, we chan 
(4) into 


(5) a® = §? + 2pq — 2h? + c*. 
Now, we equate (3) and (5) and obtain: 
b? + 2pq — 2h? + c* = b? + c* — 2be cos (x + y). 
We cancel 5? and c* and divide both sides by 2bc. The result is: 


which leads immediately to the wanted formula. 


AN AVERAGING METHOD OF EXTRACTING ROOTS 
J. P. BALLANTINE, University of Washington 


1. Statement of the averaging method. To find the m-th root of any positive 
number, W, write 


(1) W=x = 


where x is the value sought, x; is an approximation to x, and x, is found by di- 
viding W by x47". 

The next approximation, #, is found by taking the weighted average of x; 
and x2. The usual practice is to give x; and x2, weights »—1 and 1, the same as 
their exponents in equation (1). By making the weights depend on the values of 
x, and x2, better results may be had. It is the purpose of this paper to work 
out such weights, when the dependence is linear. 

2. Derivation of the weights. Let 


WwW; + Ws 
(3) = + and 
Wg = Wai + Xo. 


- The constants wy, wiz, Wn, and we will now be determined in such a way as to 
make # as nearly equal to x as possible. 
Let 


1 = x(1 + a). 


‘ 
+ Were : 
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Then 
= x(1 + a)" 


—n(i — n) n(i — n?) 
a a 


We are, of course, supposing that a is small, so that the binomial expansion 
converges. Similar series are easily written for x}, x12, and x}. 

In equation (2), the letters w,; and w, are replaced by their values in equation 
(3), and now the letters x, and x2 are replaced by their values in terms of x, 
a, and n. The result will be a fraction, with both numerator and denominator 
expressed in powers of a, namely: 


+ Usa + U2a? + 


(4) 
x(Vo + Via + + 


where 
Uo = Vo = Wu + Wie + Wa: War. 


= + (2 — n) wie + (2 — n) wa, + (2 — 20) woe. 


Vi = Wu + wa + (1 — wie + (1 — 2) 
U2 = Wi + 3(n 1)(n 2) (wis + Wei) + (n 1)(2n 1) wee. 
Ve = 1) (wie W22). 


Us = $(n)(m — 1)(2 — n)(wi2 + wa) + — 1)(1 — wo. 
V3 = gn(1 n)(1 + n)(Wi2 of Wee). 

In order for x and # to be nearly equal, the parentheses in equation (4) must 
be nearly equal. Fortunately Up = Vo, without restriction on the weights. Though 
we have 4 weights, only the ratios between them count, so we may expect to 
impose 3 conditions, namely U;= Vi, U2=V2, and Us=V3. These are three 
homogeneous linear equations among the four weights, w,;. Their solutions are: 
(5) Wi = (2n — 1)(m — 1), Wiz = (nm — 1)(4n + 1), 

Wa = 5n — 1, Wo = n+ 1. 

3. Square roots. When n=2, a factor 3 drops out, and 

(6) wi = 1, Wir = 3, Wy = 3, and wee = 1. 


For example, to find +/30, take x.=5 and x:.=6. Then 5 has a weight of 
5+3-6=23 and 6 has a weight of 6+3-5 =21. The weighted average is 


23-5+ 21-6 241 
23 + 21 


= — = 5.4772727:--. 
44 


: 
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Actually, 


/30 = 5.4772255--- 


The usual 3(5+6) =5.5 gives a much poorer approximation. 

For the special case when n=2, formula (2) can be put into a more con- 
venient form for computation, by substituting w, and w, from equation (3) 
into formula (2). 

Wirty + (wis + wei) + 
(wir + Wer) + (Wie + Wee) 
4x? + (x1 + x2)? 

4(x, + 22) 


For a direct derivation of formula (7) with remainder, write: 


(7) 


x — — x2) =e 
2x — + = 2e 
4x? — 4x(x1 + x2) + (41 + x2)? = 4e 
4x? + (x1 + 22)? 
(8) . 
+ 2x2) + 


For example, suppose the approximation 1.4 to »/2 is known. Then x, = 1.4, 
X2=1.428571428 --- by division, and x?=2. 


+ (2. 828571428)? _ 16.0008163265 
4+ 1. 428571428) 11.3142857143 
To approximate e of formula (8), write 


e = £— 3(x1 + x2) = 1.4142135 — 1.4142857 = — 0.000072 
0.0000000052 
So that 


= 1.414213564. 


= 0.000000002. 


x = &— 0,000000002 = 1.414213562. 
4. Cube roots. When n=3, a factor 2 drops out, and 
(9) Wu = 5, We = 13, wn = 7, and we = 2. 


For example, to find 7/100, write 5*-4=100. Then 5 has a weight 5-5 
+13-4=77, and 4 has a weight of 7-5+2-4=43. The weighted average is 


_ 17-5 443-3 557 
120 


= 4.641666---. 


= 
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This compares with the correct answer, ~/100 =4.6415888 - - - , and the usual 
average of 5 and 4 with weights 2 and 1 of 4.666 -- -. 

Referee’s Note. The method given is a fourth-order iterative process for the 
determination of an mth root. It happens that the iteration formula is identi- 
fiable with the third of a sequence of such formulas obtainable as successive 
convergents of the formal continued fraction 


@ 
(m — 1)w/(22) 
6x) 
pe 


1 


where 
W ) 
=—[ — —— = — — 
w 1 1 2. 


with the author’s notation, the two preceding formulas consequently being of 
the forms 


= [(n 1)x; + x2] 


and 


w (m — + (nm + 1)x2 
(m + 1)x1 + (nm — 


202) = — 


i- 


of second and third order, respectively. 

The definition of # corresponds to the Newton-Raphson iteration, as ap- 
plied to f(x) =x"— W, while the approximation # corresponds to the so-called 
Halley iteration, as applied to the same function. For the generation of the 
sequence, see Frame (this MONTHLY, vol. 60, 1953, pp. 293-305). 

In the special case »=2, the iteration (7) is equivalent to two successive 
applications of the Newton-Raphson iteration 2. 

Whereas, for the purpose of minimizing the total labor, the usual tendency 
is to use a second-order process twice rather than one of the fourth order proc- 


esses once, the author’s calculational arrangement is a simple one and it may 
find some favor in practice. 


i 


ELEMENTARY PROBLEMS AND SOLUTIONS 
EpiITED By Howarp Eves, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur-. 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of prob- 
lems. 


PROBLEMS FOR SOLUTION 
E 1211. Proposed by Alan Wayne, Cooper Union School of Engineering 


Prove the following theorem, discovered by Cipriano Ferraris of the New 
York Riddlers Club: “For any positive integer k, the total number of digits in 
the sequence 1, 2, - - - , 10* equals the number of zero digits in the sequence 
1,:2,---, 


'E 1212. Proposed by H. A. Osborn, University of California, Berkeley 
Show that implies (2+-cos #)#>3 sin t. 
E 1213. Proposed by F. D. Parker, Clarkson College of Technology 


Find the Wronskian, W(n, k), of the set of functions x*, x*In x, x"In*x,---, 
x* In* x. 
E 1214. Proposed by Paul Payette, Ecole Polytechnique de Montreal 


Find the envelope of the family of ellipses of constant major axis having 
one focus at a given point and the other focus on a given straight line. 


E 1215. Proposed by J. P. Ballantine, University of Washington 


State a necessary and sufficient condition for an ordered set of m line seg- 
ments to be the consecutive sides of an m-gon possessing an inscribed circle. 
SOLUTIONS 
E 1171 [1956, 121]. Correction. The Editorial Note should be corrected to 
read “..., then (m*—1, n’—1) =n—1 if and only if (a, 6) =1.” 
Divisors of a String of Ones 
E 1181 [1955, 581]. Proposed by F. L. Wolf, Carleton College 


Show that if an integer has all its prime factors greater than 5 then it divides 
some integer whose decimal representation is a string of 1’s. 


Solution by W. E. Briggs, University of Colorado. Since (mn, 10) =1, n divides 
10¢) —1 =9(111 - - - 1). Since (m, 3) =1, m divides the factor consisting only of 
ones. 
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Also solved by J. A. Bond, Jr., D. H. Browne, R. L. Causey, G. B. Charles- 
worth, Fred Cherry, P. A. Clement, A. E. Danese, M. Delcourte, Calvin Fore- 
man, Michael Goldberg, A. J. Goldman, D. S. Greenstein, C. A. Grimm, Na- 
thaniel Grossman, Cornelius Groenewoud, Virginia Hanly, Juris Hartmanis, 
B. A. Hausmann, M. J. Hellman, Vern Hoggatt, C. W. Langley, D. C. B. Marsh, 
J. D. Miller, Leo Moser, T. F. Mulcrone, J. B. Muskat, C. S. Ogilvy, Paul 
Payette, Walter Penney, L. L. Pennisi and N. C. Scholomiti (jointly), Azriel 
Rosenfeld, David Rothman, C. M. Sandwick, Sr., J. P. Scholz, R. E. Shafer, 
G. J. Simmons, E. P. Starke, R. P. Tapscott, C. W. Topp, Chih-yi Wang, R. J. 
Wisner, F. S. Zusman, and the proposer. Late solutions by J. G. Clunie, F. I. 
John, M. S. Klamkin, and C. F. Pinzka. 


An Identity 
E 1182 [1955, 581]. Proposed by I. A. Barnett, University of Cincinnati 
If d,=u* —x* —y*—2z*, for k=1, 2, 3, - - - , establish the identity 


— + y + 2)dngi + (xy + ys + — 
= u™"(u — x)(u — y)(u — 2). 


Solution by J. A. Tierney, U. S. Naval Academy. Denote the left member of 
the proposed identity by f(u). A simple calculation shows that f(x) =f(y) =f(z) 
=0. Hence f(u) has u—x, u—y, u—z as factors. In fact, f(u) =u"—!"(u—x)(u—y) 
‘(u—z), since the four coefficients of like powers of u are equal by inspection. 

Also solved by A. N. Aheart, Norman Anning, G. B. Charlesworth, A. E. 
Danese, J. E. Darraugh, M. Delcourte, H. M. Feldman, Edward Fleisher, Cal- 
vin Foreman, A. J. Goldman, D. S. Greenstein, C. A. Grimm, Nathaniel Gross- 
man, M. J. Hellman, Vern Hoggatt, A. R. Hyde, P. W. M. John, D. R. Lewis, 
D. C. B. Marsh, W. R. McEwen, J. B. Muskat, Herbert Nadler, A. R. Nolstad, 
Walter Penney, B. E. Rhoades, James Robertson and Dale Woods (jointly), — 
D. A. Robinson, Azriel Rosenfeld, David Rothman, R. E. Shafer, O. E.Stanaitis, 
E. P. Starke, Chih-yi Wang, Charlotte Yesselman, David Zeitlin, and the pro- 
poser. Late solutions by J. E. D’Atri, Hiiseyin Demir, F. I. John, M. S. Klam- 
kin, C. F. Pinzka, K. Subba Rao, and D. C. Russell. 


Editorial Note. Denote the left member of 
et? — + y + + (xy + ys + — — x)(r — y(r — 8) 


by g(r). The left member of the proposed identity is then given by g(u) —g(x) 
—g(y) —g(z), or, since g(x) =g(y) =g(z) =0, by g(u), which establishes the pro- 
posed identity. 
A Simple Series Summation 
E 1183 (1955, 581]. Proposed by F. J. Duarte, Caracas, Venesuela 


Prove that (n—1)/n!=1. 
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I. Solution by H. M. Gehman, University of Buffalo. Let >> denote summa- 
tion from n=1 to n=k. Then S= )\(n—1)/n!= >01/(n—1)!— Do1/n!= 
1—(1/k!). As k becomes infinite, S approaches 1. 

This problem occurs in the Mathematics Student Journal for October, 1955, 
p. 4, problem 46. It is attributed to the eighth annual Stanford University 
Competitive Examination, April 11, 1943. 


II. Solution by Edward Fleisher, Brooklyn, N. Y._Since the series converges 
absolutely, we have 


— 1)/n! = > 1/(mn — 1)! 1) = 1, 
n=l n=l 


n=l 


Also solved by W. A. Al-Salam, Ferrel Atkins, G. E. Bardwell, P. M. Berry, 
Nardler Berseck, W. E. Briggs, J. L. Brown, Jr., R. L. Causey, G. B.Charles- 
worth, George Cherlin, P. L. Chessin, A. E. Danese, J. E. Darraugh, M. Del- 
courte, Thomas Erber, H. M. Feldman, Allen Fenstermacher, Walter Fleming 
and David Lewis (jointly), W. L. Fields, Calvin Foreman, David Freedman, 
Joyce Friedman, B. A. Fusaro, A. M. Glicksman, Michael Goldberg, A. J. 
Goldman, D. S. Greenstein, C. A. Grimm, Cornelius Groenewoud, Nathaniel 
Grossman, Peter Hagis, Jr.. W. G. Hanks, Frank Harary, Juris Hartmanis, 
M. J. Hellman, Vern Hoggatt, F. A. Homann, Raymond Huck, A. R. Hyde, 
L. E. Isenecker, P. W. M. John, J. D. E. Konhauser, M. A. Kirchberg, P. G. 
Kirmser, W. D. Lambert, C. W. Langley, Kenneth Loewen, P. K. Maloof, D. C. 
B. Marsh, L. C. Marshall, W. R. McEwen, G. M. Merriman, Erich Michalup, 
J. D. Miller, Leo Moser, T. F. Mulcrone, J. B. Muskat, A. R. Nolstad, C. S. 
Ogilvy, Hyman Orlin, F. D. Parker, M. J. Pascual, Paul Payette, W. O. Pen- 
nell, Walter Penney, L. L. Pennisi and N. C. Scholomiti (jointly), W. J. Pervin, 
J. P. Phillips, R. B. Plymale, B. E. Rhoades, L. A. Ringenberg, James Robertson 
and Dale Woods (jointly), D. A. Robinson, Azriel Rosenfeld, J. W. Ross, David 
Rothman, C. M. Sandwick, Sr., Nina Schub, R. E. Shafer, W. A. Small, D. W. 
Smith, O. E. Stanaitis, E. P. Starke, F. M. Stein, D. D. Strebe, R. P. Tapscott, 
C. W. Topp, Chih-yi Wang, Alan Wayne, R. R. Williams, Jr., R. L. Wilson, 
David Zeitlin, F. S. Zusman, and the proposer. Late solutions by Hiiseyin 
Demir, R. F. Gabriel, A. G. Grace, Jr., F. I. John, M. S. Klamkin, D. J. Peter- 
son, C. F. Pinzka, K. Subba Rao, D. C. Russell, and Bernard Smilowitz. 


Evaluation of a Limit 
E 1184 [1955, 581]. Proposed by Viktors Linis, University of Ottawa 
Let f(x) be differentiable at x =a and let f(a) #0. Evaluate 


lim [f(a + 1/n)/f(a)}*. 
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Solution by R. F. Church, Nicolas Johnson, and F. J. Lorenzen, Prof. R. M. 
Conkling’s Advanced Calculus Class, University of New Hampshire. The limit 
sought is the same as 


lim [f(a + x)/f(a) 


For x small enough, f(a+<x) and f(a) have the same sign. Then 
lim log [f(a + x)/f(a)]/* = lim [log f(a + x) — log f(a) ]/x. 
0 20 


Since a differentiable function of a differentiable function is differentiable, this 
last limit is, by definition, the derivative of log f(x) at x =a, or f’(a)/f(a). Hence 


tien [f(a + x)/f(a) = exp [f’(a)/f(a)]. 


Also solved by W. A. Al-Salam, Nardler Berseck, W. E. Briggs, G. B. 
Charlesworth, P. L. Chessin, A. E. Danese, M. Delcourte, Thomas Erber, H. M. 
Feldman, Walter Fleming, David Freedman, B. A. Fusaro, Michael Goldberg, 
A. J. Goldman, D. S. Greenstein, Nathaniel Grossman, Peter Hagis, Jr., Vir- 
ginia Hanly, Juris Hartmanis, R. E. Heaton, M. J. Hellman, Vern Hoggatt, 
A. R. Hyde, L. E. Isenecker, P. G. Kirmser, D. C. B. Marsh, L. C. Marshall, 
J. D. Miller, Morris Morduchow, Leo Moser, A. R. Nolstad, C. S. Ogilvy, M. J. 
Pascual, Paul Payette, Walter Penney, H. P. Rawlings, L. A. Ringenberg, 
Azriel Rosenfeld, J. W. Ross, David Rothman, W. A. Small, O. E. Stanaitis, 
E. P. Starke, F. M. Stein, D. D. Strebe, R. P. Tapscott, Chih-yi Wang, J. V. 
Whittaker, David Zeitlin, and the proposer. Late solutions by Hiiseyin Demir, 
A. G. Grace, Jr., F. I. John, M. S. Klamkin, and D. C. Russell. 

The Proposer pointed out that this problem permits the construction of 
interesting examples, such as 


lim tan"(r/4 + 1/n) = e? 


and 


lim [cos (a + 1/n)/cos a]* = e-t™¢, cos a ¥ 0. 


Infinite Monotone Subsequences 


E 1185 [1955, 581]. Proposed by Frederic Cunningham, Jr., University of 
New Hampshire. 


Prove that every infinite sequence of real numbers contains an infinite mono- 
tone subsequence. 
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I. Solution by A. J. Goldman, Princeton University. Let {x,} be an infinite 
sequence of real numbers. If, on the one hand, every infinite subsequence of 
{x} has a (strictly) largest term, then let y; be the largest term of {x,}, let 
y2 be the largest term of the subsequence of {x,} consisting of all terms of 
{xn} after y;, etc. Then {y1, y2, +++ } is a (strictly) monotone decreasing sub- 
sequence of {x,}. If, on the other hand, some infinite subsequence {u;} of {x,} 
does not have a strictly largest term, then we set 2;= 1, choose 2: to be a term 
after 2, in {us} which is no smaller than 2, etc. Then {z:, Z,**° } is an infinite 
monotone ascending subsequence of {xq}. 

The proof uses only order-theoretic properties of the real numbers, and is 
valid in any totally-ordered set. 


II. Solution by Azriel Rosenfeld, Columbia University. If the sequence is 
unbounded, say to the right, the construction of a strictly ascending subse- 
quence is immediate. Similarly, unboundedness to the left yields a strictly de- 
scending subsequence. 

If the sequence is bounded, it has a cluster point (in the generalized sense 
in which the same point, counted infinitely often in the sequence, is a cluster 
point of the sequence too). Then an infinite number of terms of the sequence are 
contained in some (small, half-closed) interval either to the right or to the left 


of this point. The construction respectively of a nondecreasing or a nonincreas- 
ing subsequence is then clear. 


III. Solution by Leo Moser, University of Alberta. This is an immediate con- 
sequence of the following theorem due to P. Erdés and G. Szekeres (A combina- 
torial problem in geometry, Composition Mathematica, vol. 2, 1935, pp. 463-470): 


Theorem. From n points with monotonically increasing abscissae it is always 
possible to select at least ./nm points with increasing abscissae and either mono- 
tonically increasing or decreasing ordinates. (If two ordinates are equal, the 
case may equally be regarded as increasing or decreasing.) 

Also solved by A. E. Danese, D. S. Greenstein, Virginia Hanly, Juris Hart- 
manis, Vern Hoggatt, A. R. Hyde, L. E. Isenecker, C. W. Langley, Norman 
Levine, D. C. B. Marsh, Paul Payette, L. A. Ringenberg, J. W. Ross, David 
Rothman, J. P. Scholz, W. L. Shepherd, O. E. Stanaitis, E. P. Starke, D. D. 
Strebe, R. P. Tapscott, R. J. Wisner, and the proposer. Late solutions by Na- 
thaniel Grossman, M. S. Klamkin, C. F. Pinzka, and D. C. Russell. 


Editorial Note. This problem provides a direct method of proving that a 
Cauchy sequence has a limit. See, e.g., Dick Wick Hall and Guilford L. Spencer 
II, Elementary Topology (John Wiley and Sons, 1955), pp. 30-32. 
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ADVANCED PROBLEMS AND SOLUTIONS 


EpiTeEp By E, P. Starke, Rutgers University 


Send communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed to 
be new or extensions of old results are especially sought. Proposers of problems should also en- 
close any solutions or information that will assist the editor. In general, problems in well 
known text books or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4683. Proposed by Edgar Karst, Independence, Missouri 
Where fails the “interesting conjecture” (so called by D. H. Lehmer in a 


letter to the proposer, March 1952): If 2?—1 is prime, then also 2?—1+100 is 
prime? 


4684. Proposed by D. J. Newman, Republic Aviation Corporation, Farming- 
dale, N. Y. 


Prove that a,—0 as ae , where 
(n — 1 
1! 2! 3! (n — 1)! 


a,=1-— 


4685. Proposed by L. J. Mordell, University of Toronto 
Prove that the n-dimensional polytope 
+ +---+ [ml +l 82, 


has 2"+!—2 faces of n—1 dimensions and contains an n-dimensional volume 
of (2n)!/(n!)*. 


4686. Proposed by Leonard Carlitz, Duke University 


Show that 
(1) lim (2k — 1) = — 1/12, 
(2) te = 1/12 — 1/4n. 
ne 
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4687. Proposed by John Wermer, Brown University 


Let I be a simple closed curve in the complex plane containing the origin 
in its interior. Show that if T is not rectifiable, then we can approximate the 
constant 1 uniformly on T by functions 


N 
> co = 0. 
n=—N 
SOLUTIONS 
An Indeterminate Form 
4622 [1955, 45]. Proposed by Harry Furstenberg, New York City 
Let r be any positive integer and let i=r,r+1,---,mandj=1,2,---,rf. 


Prove 
1 i 
tim — tog (1 - = 
no NM n+j 


I. Solution by Vladeta Vutkovié, Mathematical Institute, Belgrade, Yugo- 
slavia. 


Direct computation and application of Stirling’s formula give 


r r+i1 n 
~ lo ( n+j n+j n+j 


n (n—r+ 7)! 1 
= ~ = — 7, 
2 log V 


IJ. Solution by O. E. Stanaitis, St. Olaf College, Northfield, Minnesota. 
If we write 


1 i i 1 
lim — 1 — = lim — 1— 
tim — tog ( tim — tog ( —) 
1 1 


+ tim — tog (1 ——) + tim — tog (1 - ), 
n+r 


N n+ 2 no ime 


and make use of the definition of the definite integral, it follows at once that 
each of the r terms on the right side is equal to the familiar integral 


0g 1 = 1. 
0 


This completes the proof. d 
Also solved by A. J. Goldman, M. S. Klamkin, Julius Lieblein, A. E. Living- 
ston, L. A. Ringenberg, Chih-yi Wang, J. V. Whittaker, and the Proposer. 
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A Variant of the Probability Integral 


4623 [1955, 126]. Proposed by L. L. Pennisi, University of Illinois, Navy 
Pier, Chicage 


Prove that 
lim - = =. 


Solution by Emil Grosswald, University of Pennsylvania. 
Let o(x)=f(x)/g(x), with f(x)= and g(x)= 


x"/2-4--+-+2n. It is easily seen that f(x) and g(x) are entire functions, 
satisfying the differential equations and initial conditions 

f(x) — af(z) -1=0 = 0, 

g'(x) — xg(x) = 0 g(0) = 1. 


The solutions by familiar methods are 
a) =o (2) = 
0 


Consequently $(x) = f¥e~*/*dt, the classical probability integral, and the desired 
limit is /x/2. 

Also solved by W. J. Blundon, B. J. Boyer, G. U. Brauer and Chih-yi Wang, 
Robert Breusch, F. A. Butter, Jr., G. B. Findley, N. J. Fine, Harley Flanders, 
A. J. Goldman, S. W. Golomb, W. O. Gordon, Cornelius Groenewoud, Emil 
Grosswald, Peter Hagis, Jr., Peter Henrici, A. R. Hyde, M. S. Klamkin, J. A. 
Larrivee, David Lovenvirth, L. I. Lowell, S. Marein-Efron, D. C. B. Marsh, 
C. S. Ogilvy, F. R. Olson, W. J. Pervin, G. Pélya, E. D. Rainville, L. A. Ringen- 
berg, P. G. Rooney, D. C. Russell, F. C. Smith, M. R. Spiegel, T. W. Summers 
R. P. Tapscott, Arnold Walfisz, the Proposer, and one whose name does not 
appear. Late solution by O. E. Stanaitis. 


Editorial Note. Pélya notes that the essential part of the problem appeared 
on the Putnam Prize examination for 1950. See [1950, 469]. 


A Beta-Function 
4625 [1955, 127]. Proposed by K.-F. Moppert, Basel, Switzerland 
For a>0, b>-—1, prove 
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I. Solution by M. R. Spiegel, Rensselaer Polytechnic Institute. We have 


a 1/i+e 
if 0<x<1 and b>-—1. Letting x—1 and employing Abel’s theorem it follows 
that 


+ 6 1 1 b 1 
0 T(i + a+ 5) a 1/i+a 2/2+a 
which proves the result. If b is a positive integer or zero the series terminates 


and Abel’s theorem is unnecessary. The uniform convergence of (1—x)* in the 
interval (0, 1) justifies the interchange of summation and integration. 


II. Solution by E. D. Rainville, University of Michigan. The restrictions a 


not'a nonpositive integer and Re(b) > —1 are sufficient. Let y denote the series 
to be summed: 


n (— b)n(@)n 1 
If Re(b) > —1, then 


1 _ F@re+ 
a T(a+6+1) 


Also solved by P. M. Batchelder, B. J. Boyer, Leonard Carlitz, A. E. Danese, 
G. B. Findley, C. L. Gape, A. J. Goldman, V. C. Harris, Peter Henrici, A. R. 
Hyde, M. S. Klamkin, S. Marein-Efron, F. H. Northover, C. D. Olds, P. G. 
Rooney, D. C. Russell, N. Shklov, F. C. Smith, T. W. Summers, and Chih-yi 
Wang. 


y= — 


Editorial Note. The problem may be found in several places, e.g., Gibson, 
Advanced Calculus, p. 498, no. 23; Bromwich, Infinite Series, p. 194, ex. 31. 


Point Set Dense in the Plane 


4626 [1955, 127]. Proposed by W. A. Michael and D. A. Page, University of 
Illinois 


Let A be a subset of the plane. Join each pair of distinct points of A by a 
line. Let A; consist of the points of A together with the points of intersection of 
distinct lines. Starting with A, the same construction yields a set A>. In this 
way an increasing sequence of sets A, Aa, - + - , is obtained. Let Q=U/A,. If A 
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is denumerable then so is 2, and hence 0 is not the entire plane; however, under 
what conditions will 2 be dense in the plane? 


Solution by the Proposers. Q will be dense in the plane if and only if there are 
four points in A such that 

(i) no three are collinear, and 

(ii) the four points are not the vertices of a parallelogram. 

For suppose A contains four such points pi, po, ps, Ps. Exactly two possibilities 
arise: Case 1. One of the points, say fu, is interior to the triangle determined by 
the other three. We first show that the set E of points of 2 which lie on the line 
segment pip. is dense in p:p2. For this purpose it is enough to show that for each 
pair of distinct points x, y in E there exists a point z in E distinct from x and y 
and lying between x and y. Suppose x to be between #; and y. Construct lines 
pips and pops, and let gq; and gz be their intersections with pops and psp respec- 
tively. Construct lines xq; and yq2, and let w be their intersection. Let z be the 
intersection of the lines psw and pipe. Clearly z is the required point. 

Similarly it follows that the set of points of 2 which lie on the segments 
pops and psf, is dense in these segments. 2 contains points of intersection of lines 
joining points of these dense sets, and hence 2 must be dense in the plane. 

Case 2. The four points form a convex quadrilateral. Since this quadrilateral 
is not a parallelogram we may extend a pair of opposite sides to a point of inter- 
section, thus obtaining a triangle. Since the intersection of the diagonals of 
the quadrilateral lies inside this triangle we may now apply the argument for 
Case 1. 

The necessity of conditions (i) and (ii) is easily verified. 

If the plane referred to is the real projective plane, the condition(ii) may be 
discarded. 

Also solved by Robert Breusch, Harley Flanders, J. K. Jacobsen and C. D. 
Gorman, and P. G. Kirmser. 


Series Representing an Irrational Number 
4627 [1955, 127]. Proposed by M. S. Klamkin, Polytechnic Institute of 
Brooklyn, New York 


In Chrystal, Textbook of Algebra, vol. 2, p. 225, there is the following theorem 
on the representation of an irrational number: 
The number represented by the series 


> pn 


aml 1172 °** Tr 


is irrational provided that 

(1) r, and p, are integers such that 0<p,<fa, 

(2) >ra>1, 

(3) the sequence {rir2 - - - r,} includes all powers of the primes. 
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(A) Construct a counter-example, i.e., a number of the stated form which is 
rational even though conditions (1), (2) and (3) are satisfied. 

(B) Complete the list of conditions (1), (2) and (3) so that the theorem is 
indeed valid. 


Solution by Ivan Niven, University of Oregon. (A) The following number is 
of the required form and is rational: 
(n + 1)! ~ (n + 1)! 
(B) The theorem is valid if the following condition is also satisfied: 
(4) pa<r,—1 for infinitely many values of n. 
For if the series converged to a rational number, a/b, then by condition (3) 
we could choose an integer m so that b is a divisor of rire - - - fm. When we multi- 
ply the equation 


a = Pn 
by rire: fm, and rearrange terms to get 


we note that the left side is an integer. We get a contradiction by establishing 
that the series on the right converges to a value between 0 and 1. Indeed, the 
series on the right is positive because of condition (1), and by condition (4) 
the series is less than 


Turi — 1 


but this series converges to the value 1 because the sum of the first k terms has 
the value 


1 
tim 


Tm+1%m42° Tm+k 


Thus the proof is complete and we make the following comment. Condition 
(2) may be replaced by the weaker inequality r,>1, and the theorem remains 
valid by the same proof. 

Also solved by Robert Breusch, Leonard Carlitz, S. W. Golomb, and the 
Proposer. 


RECENT PUBLICATIONS 
EpitTeEp By E. P. VANcE, Oberlin College 
All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio. 


Beginning Algebra for College Students. By Lloyd L. Lowenstein, New York, 
John Wiley and Sons, Inc., 1953. xiii-+-279 pages. 


This book is designed for students who have no previous preparation in alge- 
bra but who are mature enough to profit by a postulational approach to the 
subject. Since this approach is the distinctive feature of the book, most of the 
review will be given over to it. 

The seven postulates on which the rest of the book is based refer to the set 
of natural numbers: this set is closed under addition and multiplication, which 
are also associative and commutative, and the distributive law holds. Each 
postulate is introduced by examples from arithmetic and some are followed by 
generous discussions which include examples of sets or operations for which the 
stated property does not hold. Repeated application of the postulates leads to 
generalizations in the form of rules, such as the laws of exponents and certain 
rules for factoring. 

The algebra of the natural numbers is developed somewhat (parentheses, 
exponents, polynomials, simple equations) before introducing any new opera- 
tions. Extension of the number system is motivated by inverting the operations 
of addition and multiplication and devising an enlarged system in which the 
seven postulates continue to hold. The natural numbers are introduced on page 
4, zero on page 43, directed numbers on page 52, and fractions on page 88. The 
rational number system is defined on page 125, and the property of closure with 
respect to the four elementary operations is shown. 

In the second half of the book, pages 137 to 248, some of the topics begun 
earlier receive enlarged treatment, e.g., polynomials, factoring, equations, and 
exponents, while new topics include functions and graphs, the real number sys- 
tem (with a discussion of radicals), and the complex number system. 

The placing of the irrational and complex numbers at the end is good in a 
book which is not just a review of high school algebra. Another good feature is 
the six-page appendix containing discussions of questions asked in the text, 
together with references for further study. In general the exposition throughout 
is clear, and the problems are well chosen. 

As for the distinctive feature of the book, the postulates are carefully stated, 
and they are actually used to derive rules of procedure. The definitions are also 
carefully stated, and many are preceded by a generous preliminary discussion. 
(An exception is the word “term,” which is not defined at all.) However, the same 
care is not used in extending to the gradually enlarged number system the prop- 
erties stated in the postulates. It is not made clear that these properties require 
proof based on the original postulates and such definitions as have been made or 
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may be made. Thus on page 44, after the definition of zero, we find the declara- 
tion that all the rules previously built up are going to apply to the new number. 
Then the commutative, associative, and distributive laws are stated with zero 
as one element. 

On the whole the book accomplishes well its main purpose, which is to pre- 
sent algebra as an orderly development from a few basic assumptions. After 
studying it, a student should be quite ready for college algebra. 

W. G. CLaRK 
Mt. Union College 


Algebra for College Students. By W. M. Whyburn and P. H. Daus. New York, 
Prentice Hall, Inc. 1955. 254 pp. plus tables and index. 


As the authors remark in the preface, the “difficulties experienced by college 
mathematics students result not only from weaknesses in the manipulative 
skills of algebra, but also from deficiencies in geometry and arithmetic and the 
lack of correct habits of thinking and reasoning.’’ These incorrect habits are 
often inherited by the students from the teachers in high school mathematics. 
The reviewer recalls a remark of a high school teacher in one of his classes, “I do 
not see what logic has to do with mathematics.” 

Texts like the Chicago syllabus or Principles of Mathematics by Allendoerfer 
and Oakley (McGraw-Hill) are specially aimed at this deficiency. The present 
text is a compromise between such texts and the usual college algebra texts 
which are often “an unenthusiastic rehash” of high school mathematics. 

The book has eight chapters and an introductory review of elementary arith- 
metic. Chapters I-II are devoted to direct and inverse operations on numbers. 
The fundamental properties are given by axioms and the usual “rules” such as 
those concerning removal of parentheses, multiplying two negative numbers 
etc. are derived from these axioms. Real numbers are introduced by the axiom 
of linear measure. Article 16 on “Change of Base” brings out clearly the role of 
number 10 in writing natural numbers in arithmetic. The chapters conclude with 
factor theorem and Euclidean algorithm for finding the H.C. F. 

Chapter III entitled “Fractions” deals with negative exponents, terminating 
and non-terminating decimals, approximation, variation illustrated by simple 
interest and simple discount, and elements of the trigonometry of an acute angle. 
Chapter IV treats of linear equations, graphically as well as arithmetically. The 
latter method introduces us to determinants and matrices. Chapters V-VI treat 
quadratic equations. Complex numbers are introduced and their sum and prod- 
uct properly defined. Simple conics come in as graphs of simple quadratics in 
two variables. The sine law and cosine law complete the trigonometry of a 
triangle. Chapter VII treats of exponents and logarithms. Irrational exponents 
are introduced by two explicit assumptions. The last chapter deals with “Se- 
quences of Numbers” and “Mathematical Induction.” The latter is stated in an 
axiom underlying a procedure used to prove or disprove “conjectured” results 
of a certain type. 
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The text is very carefully written and does not contain anything that a stu- 
dent will have to forget when he learns more mathematics. There are no bold- 
type framed “Formulas” nor any annoying schemes for working problems: 
Step I, Step II, etc. such as we find in many texts. 

In conclusion, a few minor defects may be noted here: On page 9, a variable 
is defined as “a quantity that may change its value during the discussion.” On 
page 113, the x and y intercepts are defined as “points” ; and almost immediately 
we read “If the intercepts are small, an additional point is desirable.” 

V. D. GOKHALE 
Atlanta University 


Parmi les belles figures de la Géométrie dans l’espace (Géométrie du tétraédre). By 
Victor Thébault. Paris, Vuibert, 1955. 11+287 pages. 2000 french francs. 


Victor Thébault is known on both sides of the Atlantic as a geometer inter- 
ested in the triangle and the tetrahedron. For over thirty years he has been seek- 
ing analogies between the geometry of the triangle and the geometry of the 
tetrahedron. His researches have been published in many journals including this 
MONTHLY and have been issued in the form of memoirs, articles, notes and prob- 
lems. He has now gathered into one volume the principal results concerning the 
tetrahedron, its associated points, lines, planes and spheres. 

After an introduction explaining the terminology and notation, which in- 
cludes a number of distance relations, the material is divided into four chapters: 
Chapter I: basic configurations; Chapter II: spheres associated with a tetra- 
hedron and a skew polygon; Chapter III: additions to the recent geometry of the 
tetrahedron; Chapter IV: problems proposed concerning the tetrahedron. 

The topics in the first chapter include the Monge point, Euler lines, the 12- 
point sphere, the orthocentroidal and the Miquel spheres, the Steiner ellipsoids 
and some hyperboloids, associated planes and tetrahedra and some special 
tetrahedra. In the second chapter is the Longchamps sphere and a skew curve 
associated with a tetrahedron; it ends with a discussion of spheres associated 
with a skew polygon whose vertices lie on a sphere. The third chapter treats 
of the first and second Lemoine points, the spheres of Tucker, Adams, Lucas and 
Hagge, and the orthopole of a line. In the final chapter are 81 original problems 
proposed since 1913 whose solutions have led often to interesting results. 

This volume should be of interest to those who are acquainted with the 
geometry of the triangle and the tetrahedron, and to all those who enjoy wit- 
nessing a trained mind at work in bringing into view the relations existing among 
lines, planes, spheres and tetrahedra associated with the configuration formed 
by four planes. 


J. R. MussELMAN 
Western Reserve University 


NEWS AND NOTICES 
EpitEp By Epita R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending news 
items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
should be submitted at least two months before publication can take place. 


REPRINTS OF VOLUMES OF THE MONTHLY 


By arrangement with the Mathematical Association of America, Johnson 
Reprint Corporation of New York is now reprinting the first twenty volumes of 
the American Mathematical Monthly. These early volumes have not been avail- 
able in bound form for some time, and the reprint will therefore afford libraries 
an opportunity to complete their sets. Cloth bound sets are priced at $275.00, 
paper bound sets are available at $245.00, and individual paper bound copies of 
Volumes 1-9 are priced at $15.00, and of Volumes 10-20, $10.00. It is antici- 
pated that the reprinted sets will be available by May, 1956. 

Orders and inquiries should be addressed to: Johnson Reprint Corporation, 
125, East 23 Street, New York 10, New York. 


MATHEMATICS INSTITUTE FOR TEACHERS 


The second annual Mathematics Institute of the University of Oklahoma 
will be held June 4-15, 1956, in the air-conditioned Union Building on the main 
campus. 

Opportunity will be given to study methods of teaching the various subjects 
in the high school mathematics curriculum, to get a deeper insight into the sub- 
ject matter of high school mathematics with its new-type applications and to 
acquire source materiai for use with talented students. A study will also be made 
of some relatively simple developments in modern mathematics. 

One hour of graduate credit will be given for either week of the Institute— 
two hours for both weeks. Send inquiries to the Institute Chairman, J. O. 
Hassler, Department of Mathematics, University of Oklahoma, Norman, 
Oklahoma. 


COMMISSION ON MATHEMATICS 


A Commission on Mathematics that will investigate the need for revision 
of the secondary school mathematics curriculum has been appointed by the 
College Entrance Examination Board. 

New frontiers in mathematics are creating almost unlimited opportunities 
for growth in mathematical knowledge and its applications to physical science 
and engineering, to the social and biological sciences, and to business and in- 
_ dustry. The Commission has been established by the College Board in recogni- 
tion of a growing divergence between these developments and the type of mathe- 
matics taught in secondary school. 

After stressing modern mathematical concepts only in graduate courses for 
many years, many college mathematics departments are readjusting freshman 
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courses to include these ideas. No equivalent trend has yet developed widely on 
the high school level. 

The Commission on Mathematics, a group of 13 high school and college 
mathematics teachers, proposes to investigate the need and possibilities for 
revision of the high school syllabus. One or more conferences of high school and 
college teachers and administrators will be summoned to advise and assist the 
Commission. Following such meetings, and in the light of the experience and 
deliberations of its own members, the Commission will recommend necessary 
and desirable action to the College Board. 

Curricular reform has often failed to result from the work of previous con- 
ferences and commissions in mathematical education because their recommenda- 
tions have been only partially implemented. In view of this, the College Board 
is prepared to take further action. If there is general agreement as to the need 
and form of curricular revision, the College Board will, if necessary, foster the 
development of teaching materials and workshops to prepare teachers to utilize 
these materials. 

With this charge at hand, the Commission met for the first time at Ann 
Arbor, Michigan, in August, 1955, and reached the following tentative conclu- 
sions: 

(1) High school mathematics is in need of revision which would include the 
addition of new materials and the elimination of some and reorganization of 
other topics now being taught; 

(2) In considering a topic for deletion or inclusion the Commission will bear 
in mind the relevance of the topic to modern mathematics, social and natural 
science, and engineering; 

(3) Liaison with and the cooperation of all groups interested in school and 
mathematics curricula is essential; and 

(4) The development of a single definitive syllabus is undesirable, if not 
impossible. The Commission therefore proposes to formulate a broad list of 
topics and to suggest where and how they might be introduced. 

Members of the Commission include: Professor A. W. Tucker, Princeton 
University (Chairman) ; Professor C. B. Allendoerfer, University of Washington; 
Mr. E. C. Douglas, The Taft School, Watertown, Connecticut; Professor H. F. 
Fehr, Teachers College, Columbia University; Miss Martha Hildebrandt, 
Proviso Township High School, Maywood, Illinois; Dean A. E. Meder, Jr., 
Rutgers University; Professor Frederick Mosteller, Harvard University; Pro- 
fessor E. P. Northrop, University of Chicago; Dr. E. R. Ranucci, Weequahic 
High School, Newark, New Jersey; Mr. Robert Rourke, The Kent School, Kent, 
Connecticut; Professor G. B. Thomas, Jr., Massachusetts Institute of Tech- 
nology; Professor Henry Van Engen, Iowa State Teachers College; Professor 
S. S. Wilks, Princeton University. 

The Commission welcomes the assistance and suggestions of organizations 
and individuals. Those interested in corresponding with the Commission should 
write to Mr. Robert Kalin, Executive Assistant, Commission on Mathematics, 
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P.O. Box 592, Princeton, New Jersey. 


NEW TELEVISION 
Professor Francis A. C. Sevier of the College of South Jersey is presenting a 
television series on WFIL-TV. The series began on January 30 and will run 
through May 14. It is titled “Mathematics in Modern Life.” Outlines of Pro- 


fessor Sevier’s syllabus can be obtained by writing to him at 406 Penn Street, 
Camden 2, New Jersey. 


WAYNE UNIVERSITY COMPUTATION LABORATORY PROGRAM 


The Computation Laboratory of Wayne University is again offering an in- 
tensive training program of three weekly courses. 
First Course: July 23-28. Automatic computers—their application and evalua- 
tion. 


Second Course: July 30-August 4. Electronic data processing in business and 
government. 


Third Course: August 6-11. Applications of computors to engineering, science 
and industry. 
The final program with full information on lectures, staff, and other perti- 
nent information will be distributed well in advance of the summer courses. For 


further information, write to A. W. Jacobson, Director, Computation Labora- 
tory, Detroit 1, Michigan. 


DU PONT FELLOWSHIPS AT THE UNIVERSITY OF CHICAGO 


The University of Chicago announces six graduate fellowships of $1,920 for 
students who wish to prepare for teaching chemistry, mathematics or physics 
in secondary schools. E. I. du Pont de Nemours and Company has granted the 
University funds for these fellowships to encourage able college graduates of 
both sexes to enter high-school mathematics and science teaching. 

The du Pont fellows will register for science and/or mathematics courses, 
for professional courses in the teaching of the subject, and for apprentice teach- 
ing courses. Their program of study is designed to enable them to meet the re- 
quirements for the secondary-school teaching certificate issued by most states 
and to advance them toward a Master of Science degree. 

Applications for fellowships for 1956-1957 must be made before May 15, 
1956. Further information about the du Pont Fellowships may be obtained 


from the Center for Teacher Education, University of Chicago, Chicago 37, 
Illinois. 


INSTITUTE OF MATHEMATICAL SCIENCES TEMPORARY MEMBERSHIPS 


The Institute of Mathematical Sciences of New York University, Professor 
_ R. Courant, Director, offers temporary memberships to mathematicians and other 
scientists holding the Ph.D. degree who intend to study and do research in the 
fields in which the Institute is active. These fields include functional analysis, 
ordinary and partial differential equations, mathematical physics, fluid dy- 
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namics, electromagnetic theory, numerical analysis and digital computing, and 
various specialized branches, such as group theory, topological methods of anal- 
ysis, hydromagnetics, reactor theory. 

The temporary members will have complete freedom to select their own ac- 
tivities. They may participate in the advanced graduate cburses, research semi- 
nars, and research projects of the Institute and will have the opportunity of us- 
ing computational facilities. 

The temporary members will receive a stipend commensurate with their 
status. Membership will be awarded for one year, but may be renewed. Special 
arrangements can be made for applicants who expect to be on leave of absence 
from their institutions. 

Requests for information and for application blanks should be addressed to 
the Membership Committee, Institute of Mathematical Sciences, 25 Waverly 
Place, New York 3, New York. 


INDUSTRIAL MATHEMATICS SOCIETY 


Mathematics in an Industrial Economy is a new booklet issued by the Indus- 
trial Mathematics Society. It will be sent free to all who request it by writing 
to the Industrial Mathematics Society, 100 Farnsworth, Detroit 1, Michigan. 


SUMMER SESSIONS 


The following institutions announce advanced courses in mathematics for the 
summer of 1956. 

Boston University. July 9 to August 18: Professor Scheid, calculus of varia- 
tions. 

The Catholic University of America. June 27 to August 10: Mr. Tomiuk, ad- 
vanced calculus I; Professor Moller, higher algebra I; Professor Wiegmann, 
introduction to matrix theory; Professor Rice, advanced calculus II; Professor 
Finan, higher algebra II; Professor Ramler, college geometry, synthetic projec- 
tive geometry, differential equations. 

Columbia University, Teachers College. July 9 to August 17: Professor Fehr, 
teaching arithmetic in elementary school, current problems in teaching second- 
ary school mathematics; Professors Fehr and Rosskopf, research in teaching 
mathematics, departmental seminar in teaching mathematics; Professor Ross- 
kopf, teaching of algebra in secondary school, history of mathematics; Dr. Sobel, 
field work in mathematics, teaching non-academic mathematics in the high 
school; Mr. Rourke, survey of higher mathematics for teachers, professionalized 
subject matter in advanced secondary school mathematics; Professors Fehr, 
Rosskopf, Sobel and Rourke, conferences and discussions on current questions 
in the teaching of mathematics. 

DePaul University. June to August: Professor DeCicco, classical Lie theory of 
continuous groups, fundamental concepts of algebra; Professor Caton, introduc- 
tion to the calculus of variations. June to August (evenings): Professor Caton, 
engineering mathematics. 
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Duke University. June 12 to June 17: Professor Carlitz, probability; Profes- 
sor Roberts, plane geometry and trigonometry from the advanced standpoint; 
Professor Thomas, mathematical analysis for teachers; Professors Carlitz, 
Roberts and Thomas, thesis seminar. 

Indiana University. June 14 to August 10: Professor Wolfe, theory and appli- 
cation of statistics, projective geometry; visiting Professor Snapper (Miami 
University), topics for mathematics teachers, higher algebra I; Professor Mac- 
Kenzie, differential equations, theory of functions of a complex variable I. 
For the first time there will be available for qualified secondary school teachers 
three David A. Rothrock Summer Scholarships amounting to $200 plus basic 
fees. 

North Carolina State College. Southern Regional Graduate Summer Session 
in Statistics. June 11 to July 20: Professor Hader, statistical methods I; Profes- 
sor Cox, statistical methods II; Dr. Grandage, theory I; Professor Duncan 
(University of Florida), theory II; Professor Finkner, sample survey designs; 
Staff, special problems; Professor Anderson, econometric methods; Professor 
Monroe, advanced topics in statistical analysis II; Professor Harrell, introduc- 
tion to linear programming; Professor Hildreth (Michigan State University), 
linear equations; Professor Heady (Iowa State College), estimation and analysis 
of production functions; Professor Levine, advanced calculus; Professor Smith 
(University of North Carolina), stochastic processes and their applications. 

The Institute in Quantitative Research Methods in Agricultural Economics, 
sponsored by the Social Science Research Council, will meet at the College in 
conjunction with the Graduate Summer Session in Statistics. 

Northwestern University. June 23 to August 18: Engineering mathematics 
I, theory of statistics, introduction to the theory of numbers, the history of 
mathematics II, foundations of calculus for teachers, topics in modern mathe- 
matics for teachers, nonlinear problems of the physical sciences, introduction to 
the theory of groups. 

Syracuse University. July 2 to August 10: Professor Cole, analysis and appli- 
cations I; Professor Gilbert, introduction to probability; Professor Kibbey, 
intermediate course in algebra II; Professor Exner, heuristic methods in ele- 
mentary geometry. August 13 to September 14: Professor Hemmingsen, analysis 
and applications II (vector analysis); Professor Welch, higher mathematics for 
engineers and scientists I. 

University of Buffalo. July 2 to August 10: Professor Montague, rings and 
ideals; Professor Gehman, theory of games. 

University of California. June 18 to July 28 and July 30 to September 8. 
Graduate Courses in Statistics. The faculty will include Professor Cox (Univer- 
. sity of North Carolina), Professor Bates (Mount Holyoke College), Professor 
Blackwell and Mr. Ferguson of the Department of Statistics. The program in- 
cludes two of the usual undergraduate courses in each session, adapted primarily 
to meet the need of students transferring from other centers who would like to 
undertake advanced study at the University of California during the regular 
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academic year. Also a graduate seminar will be conducted by Professor Black- 
well. This seminar will allow for individual consultation for students working 
toward higher degrees. 

June 18 to July 28. Graduate Course in Mathematics: Professor Jacobson 
(Yale University), ring theory. 

University of Chicago. June 25 to August 31: A program in analysis including 
special courses and seminars will be offered. Visitors in residence will include 
A. P. Calderon, H. Helson, J. E. Littlewood, W. Rudin, R. Salem, and A. C. 
Schaeffer. Further information can be obtained from E. H. Spanier, Depart- 
ment of Mathematics, University of Chicago, Chicago 37, Illinois. 

University of Colorado. June 18 to August 25: Professor Whyburn, theory of 
functions; Professor Hultquist, vector analysis; Dr. Crow, mathematical statis- 
tics; Professor Britton, complex variables, boundary value problems. 

University of Delaware. June 18 to July 27: Professor Webber, fundamental 
concepts of mathematics I (designed especially for teachers). 

University of Florida. June 15 to August 13: Professor Blake, introduction to 
mathematical thought; Professor South, mathematical statistics; Professors 
Lang, Blake and Smith, higher mathematics for engineers and physicists; Pro- 
fessor Smith, tensor analysis; Professor Phipps, foundation of geometry; Pro- 
fessor Cowan, Fourier series; Professor Gager, history of elementary mathemat- 
ics; Staff, individual work. 

University of Illinois. June 18 to August 11: Professor Suzuki, linear algebra; 
Professor Landin, number, length, area; Professor Bateman, measure and inte- 
gration. 

University of Maryland. June 25 to August 3: Professor Jackson, foundations 
of number theory (primarily for teachers) ; Professor Hall, elementary topology; 
Dr. Rosen, introduction to complex variable theory. 

University of Michigan. June 25 to August 17: Professor Alexander, theory 
of probability, elementary mathematical statistics; Professor Brauer, higher 
algebra, seminar in algebra; Professor Carver, mathematical statistics, finite 
differences; Professor Coburn, operational mathematics; Professor Craig, sig- 
nificance tests; Professor Dushnik, advanced calculus; Dr. Gehring, advanced 
mathematics for engineers; Professor Gentry, synthetic projective geometry, 
topics in geometry; Professor Hay, vector analysis, theory of plates and shells; 
Professor Herzog, functions of a complex variable, partial differential equations; 
Professor Hildebrandt, calculus of variations; Professor Jones, teaching of alge- 
bra, history of geometry; Professor LeVeque, matrix theory; Professor Ullman, 
Fourier series, application of functions of a complex variable; Professor Young, - 
foundations of mathematics, general spaces. 

A Summer Institute for Teachers of Collegiate Mathematics will be held 
at the University during the summer session. (See this MONTHLY, March, 1956.) 

University of Nebraska. June 13 to August 3: Professor Jackson, differential 
equations; Professor Magnus, vector analysis; Professor Leavitt, topics in 
algebra; Staff, reading course, thesis. 
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University of North Carolina. June 7 to July 14: Professor Brauer, some re- 
cent results in number theory; Professor Cameron, fundamental concepts; 
Professor Garner, history of mathematics; Professor Jones, non-euclidean geom- 
etry; Professor Linker, differential equations; Professor Mackie, theory of 
equations; Professor Winsor, introduction to higher geometry. July 16 to August 
22: Professor Hill, elementary mathematical statistics; Professor Hoyle, elemen- 
tary algebra from an advanced viewpoint; Professor Lasley, analytic geometry 
from a higher standpoint; Professor MacNerney, summability; Professor Wall, 
introduction to the theory of determinants and matrices. 

University of Oklahoma. June 7 to August 5: Professor Bernhart, college 
geometry; Professor Pan, elementary differential equations; Professor LaFon, 
vector analysis; Professor Springer, ordinary and partial differential equations; 
Professor Brixey, theory of numbers; Professor Goffman, theory of probability. 

University of Pennsylvania. June 25 to August 4: Professor Herstein, matrix 
theory and numerical applications; Professor Epstein, methods of analysis; 
Professor Fine, probability and statistics; Professor Gottschalk, concepts of 
mathematics (this course carries credit towards a master’s degree in education 
with specialty in mathematics). 

University of South Carolina. Professor Lytle, theory of equations; Professor 
Novak, college geometry; Professor Hedberg, theory of algebraic numbers; 
Professor Strebe, theory of functions of a real variable; Professor Williams, 
theory of functions of a complex variable. 

University of Texas. June 5 to July 17: Professor Craig, vector and tensor 
analysis, applications of tensor analysis; Professor Moore, theory of sets; Pro- 
fessor Guy, potential theory (two terms). July 18 to August 31: Professor 
Cooper, functions of a complex variable; Professor Lubben, modern algebra; 
Professor Wall, infinite processes, analytic functions; Professor Guy, poten- 
tial theory. 

University of Washington. Professor Avann, linear algebra; Professor Cram- 
let, differential equations; Professor Ballantine, vector analysis; Professor Mc- 
Farlan, topics in applied analysis; Professor Leipnik, advanced analytic geome- 
try; Professor Haller, differential geometry; Professor Livingston, convolution 
transforms. 

University of Wisconsin. June 25 to August 17: Professor Evans, vector 
analysis; Professor Hammer, theory and operation of computing machines; 
Professor Immel, introduction to mathematical statistics, survey of the founda- 
tions of arithmetic; Professor Jones (University of North Carolina), topics in 
geometry, topics in topology; Professor Kaplansky (University of Chicago), 
determinants and matrices, advanced topics in algebra; Professor Marden, ap- 
plied differential equations, potential theory; Professor Mayor, projective 
‘geometry. 

University of Wyoming. June 11 to July 13: Professor Varineau, theory of 
equations; Professor Steen, ordinary differential equations; Professor Barr, 
college geometry; Professor S. R. Smith, numerical analysis. July 16 to August 
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17: Professor Schwid, partial differential equations, Fourier series and boundary 
value problems, theory of functions of a complex variable; Professor Neubauer, 
history of mathematics; Professor W. N. Smith, mathematical theory of prob- 
ability. 

West Virginia University. June 6 to July 17: Professor Cunningham, Fourier 
series and partial differential equations; Professor Posey, advanced calculus; 
Professor Stewart, history of mathematics. July 18 to August 24: Mr. Cochran, 
modern geometry; Professor Peters, advanced calculus; Professor Vest, opera- 
tional methods in partial differential equations. 


PERSONAL ITEMS 


Assistant Professor H. L. Alder of the University of California, Davis, has 
been promoted to an associate professorship. 

Mr. A. I. Benson, formerly a staff member of the Los Alamos Scientific 
Laboratory, New Mexico, is manager of Lynn Digital Computations, General 
Electric Company, West Lynn, Massachusetts. 

Mrs. Audrey J. Benson, previously a research assistant at the Los Alamos 
Scientific Laboratory, New Mexico, is now an assistant mathematician at the 
Rand Corporation, Lincoln Laboratory, Lexington, Massachusetts. 

Mr. Jonas Beraru, formerly a mathematician with the Reeves Instrument 
Corporation, New York, New York, has a position as a member of the technical 
staff of Hughes Aircraft Company, Culver City, California. 

Miss Ida Brisky has a position as a systems engineer with the Datamatic 
Corporation, Newton Highland, Massachusetts. 

Mr. C. L. Davis, previously an instructor at the General Motors Institute, 
has accepted the position of Mathematician in the Mathematics and Computing 
Group of Curtiss-Wright Research Division, Clifton, New Jersey. 

Mr. M. J. Di Carlo-Cottone, formerly a mathematician for the United States 
Air Force, Washington, D. C., is a member of the technical staff of Bell Tele- 
phone Laboratories, Whippany, New Jersey. 

Dr. D. O. Ellis, associate mathematician for the Rand Corporation, Santa 
Monica, California, has accepted a position as Senior Research Scientist with 
the National Cash Register Company, Electronics Division, Hawthorne, Cali- 
fornia. 

Mr. J. H. Fountain is employed as a research engineer by Consolidated- 
Vultee Aircraft Corporation, San Diego, California. 

Mr. M. P. Friedman of Brooklyn College is now with the Research Division 
of the College of Engineering, New York University. 

Mr. F. W. Gibson, formerly a mathematical analyst with Lockheed Aircraft 
Corporation, Burbank, California, is now a research engineer for the Radio- 
plane Company, Van Nuys, California. 

Dr. G. R. Glabe has been appointed to an assistant professorship at Sacra- 
mento State College. 
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Visiting Professor G. H. Handelman of Rensselaer Polytechnic Institute is 
in charge of a new program of research sponsored by the Air Force Office of 
Scientific Research, Air Research and Development Command, Baltimore. 

Mr. M. A. Kirchberg, previously a teacher at Hopkins Township School, 
Michigan, has a position as a computer operator for Allis-Chalmers Manufactur- 
ing Company, Milwaukee, Wisconsin. 

Miss Lola F. Kiser of the University of Georgia has been appointed to an 
assistant professorship at Birmingham-Southern College. 

Professor Emeritus E. E. Moots of Cornell College has been appointed to a 
visiting professorship at Whittier College for the second semester of 1955-1956. 

Assistant Professor Eugene Park of Clemson College has been promoted to an 
associate professorship. 

Mr. Conrad Rennemann, Jr., formerly an aeronautical research scientist 
with the National Advisory Committee for Aeronautics, Langley Field, Virginia, 
has a position as a senior aerodynamicist with the Republic Aviation Corpora- 
tion, Farmingdale, L. I., New York. 

Mr. L. A. Rife of Mississippi Southern College has been promoted to an 
assistant professorship. 

Mr. J. J. Schoderbek, previously a research assistant at the University of 
Michigan, Willow Run Research Center, Ypsilanti, Michigan, has a position 
as a research engineer for Lockheed Aircraft Corporation, Van Nuys, California. 

Mr. C. E. Seabold, recently a mathematician at Wright-Patterson Air 
Force Base, Ohio, is employed as a senior technical programmer with the Stand- 
ard Oil Company of Ohio. 

Mr. H. F. Simmons, formerly a graduate assistant at lowa State College, 
has been appointed to an assistant professorship at the University of Wichita. 

Mrs. Lois B. Smith is teaching in the San Diego City Schools, California. 

Mr. A. G. Wilford, previously a meteorologist for the Department of Trans- 
port, Toronto, Canada, is employed as a programmer by Computing Devices 
of Canada, Ottawa, Canada. 

Dr. John Wishart, director of the Statistical Laboratory at St. Andrew's 
Hill, Cambridge, England, will be a visiting professor at the University of Wis- 
consin for the first semester of the academic year 1956-1957. 

Associate Professor Herbert Wolf of Tri-State College has a position as a 
research mathematician at the Avco Manufacturing Company, Stratford, Con- 
necticut. 


Mr. T. I. Gilroy, fellow at the University of Wisconsin, died in July, 1955. 

Miss Clara Hancock, retired instructor of Junior College, Virginia, Minne- 
sota, died on March 23, 1955. She was a member of the Association for thirty- 
five years. 

Mr. D. H. Leavens of Colorado Springs, Colorado, died on December 3, 1955. 
He was a charter member of the Association. 
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Professor Emeritus H. P. Manning of Brown University died on January 
11, 1956. He was a charter member of the Association. 

Professor Emeritus F. R. Morris of Fresno State College died on January 
6, 1956. He was a charter member of the Association. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


REPORT OF THE TREASURER FOR THE YEAR 1955 


Following is a summary of the report of Professor H. M. Gehman as 
Treasurer of the Association for the year 1955. The complete report has been 
approved by the Finance Committee and accepted by vote of the Board of 
Governors. Any member of the Association who wishes the complete report of 
the Treasurer may obtain it by writing to the office of the Association. 

As was the case at the end of the preceding year, the total funds of the Associ- 
ation at the end of the year 1955 include balances held for the Committee on 
Visiting Lecturers and the Committee on the Undergraduate Program. These 
funds will be expended as the plans of these Committees require. 

The Current Fund ended the year with a surplus of $2,065. Anticipated 
expenditures during 1956 indicate that a rather substantial deficit will be in- 
curred in 1956. The Finance Committee is considering whether an increase in 
dues to $5.00 per year may become necessary. The Secretary-Treasurer will be 
glad to have the comments of members of the Association on this matter. 


I. ToTAL FUNDS OF THE ASSOCIATION ON JANUARY 1, 1955 


M & T Trust Co., Buffalo. .... $ 11,467.06. Current $ 495.62 
14,797.47 

10,830.03 

Chauvenet Fund............. 1,363.14 

17,865.41 

General Fund.......... 40,348.91 

105 ,326.62 

Visiting Lecturers Fund....... 10,462.28 

Fund for Com. on Und. Program 509.16 


$116 , 298 .06 $116,298 .06 


4 
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II. CuRRENT FunD 
Balance, January 1, 1955....... $ 495.62 Monthly 
4,688.13 Editor’s Office............... 1,986.34 
Sale of back numbers.......... 260.23 Secretary-Treasurer’s Office 
Sale of exchange periodicals... .. 125.50 Postage and printing......... 2,037.70 
Interest on General Fund....... 1,493.97 Office expenses.............. 405 .90 
Income from Hardy Fund...... 120.00 Bank and Auditing fees...... 238.55 
Transfer from other Funds... . 2,323.42 Board of Governors............ 1,737.83 
Balance, December 31, 1955.... $ 2,561.37 
III. IV. V. 
Carus Houck 
FuNpD FunpD FuND 
Increase in value of securities....................... 566.68 425.01 310.47 
Lees: Changes Gnd Genk 237.71 146.49 51.14 
Balanse, December 31; $22,140.94 $13,839.25 $11,496.05 
VI. VII. VIII. 
CHau- DUNKEL GEN- 
VENET FunpD ERAL 
FuND FuND 
Increase in value of securities............. 39.19 512.42 1,160.49 
IX. X. 
VISITING FUND FOR 
LECTURERS COMMITTEE ON 
FuND UNDERGRADUATE 
PROGRAM 
National Science Foundation grant.................. 20,500.00 
Contributions toward travel expenses................ 1,568.33 om 
Less: salaries, services, travel expense................ 7,535.54 2,313.68 


¢ 
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XI. TotTaL FUNDS OF THE ASSOCIATION ON DECEMBER 31, 1955 


22,140.94 
11,496.05 
Chauvenet Fund............. 1,446.41 
18 954.24 
Generel 41,509.40 
111,947.66 
Visiting Lecturers Fund....... 23,162.53 
Fund for Committee on Und. 
21,564.33 


$156,674.52 


[April 

M & T Trust Co., Buffalo..... $ 12,842.52 
Buffalo Savings Bank......... 20 ,000 .00 
$156,674.52 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the follow- 
ing 150 persons have been elected to membership by the Board of Governors 


on applications duly certified. 


ANGELA K. Arva.iotis, Student, Kent State 
University. 

O. H. AtisBan, Ph.D.(Berlin) Professor, Uni- 
versity of Ankara, Turkey; Visiting Pro- 
fessor, University of Pennsylvania and 
Rutgers University. 

D. R. ANDERSON, Student, Bradley University. 

Ricwarp FE. ANperRson, M.S.(Michigan) 
Grad. Student, University of Michigan. 

J. S. Ayars, Jr., M.A.(Illinois) Grad. Stu- 
dent, Stanford University. 

F. T. BAKER, Student, Yale University. 

G. E. Baxter, Ph.D.(Minnesota) Instr., 
University of Minnesota. 

HEsTER C. Boyp, Ed.M. (Mississippi) Grad. 
Asst., University of Mississippi. 

W. H. Braprorp, Ph.D.(Texas) Dean, Di- 
vision of Liberal Arts, McNeese State Col- 
lege. 

L. R. Brace, Ph.D.(Wisconsin) Instr., Duke 
University. 

CurisTINE V. BRANNAN, A.M. (Missouri), M.S. 
(Kansas S.T.C.) Instr., University of 
Houston. 

H. W. Brockman, M.A.(Ohio S.U.) Asst. 
Professor, Capital University. 

Mrs. HELEN L. Brooks, M.A.(Toledo) Instr., 
University of Toledo. 


FELIx BROWDER, Ph.D. (Princeton) Asst. Pro- 
fessor, Brandeis University. 

A. W. Brunson, M.A. (Illinois) Asst. Profes- 
sor, Fenn College. 

B. P. BusseEx,. M.A.(Columbia) Instr., Uni- 
versity of Massachusetts. 

J. W. Bustamante, B.S. in E.E.(Okla. A & 
‘M. C.) Grad. Asst., Oklahoma Agricul- 
tural and Mechanical College. 

J. L. Cave, Student, University of Buffalo. 
Rev. R. I. Canavan, S.J., A.B. (Woodstock) 
Grad. Student, New York University. 
VirciniA CASTELLUCCIO, Student, Montclair 

State Teachers College. 

R. L. Causey, M.S.(Kentucky) Applied 
Math., U.S. Naval Air Missile Test Cen- 
ter, Point Mugu, Calif. 

W. A. Cava, Student, City College of New 
York. 

Dorotuy CHMIEL, Student, Montclair State 
Teachers College. 

R. E. Cottrns, Ph.D. (A.&M.C. of Texas) Re- 
search Engr., Humble Oil & Refining Co., 
Houston, Texas. 

T. K. Cook, B.S.(Cincinnati) Grad. Asst., 
University of Cincinnati. 

R. J. Corn, Student, Georgia Institute of Tech- 
nology. 
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Mrs. EstHeER B. Coutter, B.S. in Ed. (Bowling 
Green S.U.) Instr., University of Arizona. 

H. L. Crowson, M.S.(Florida) Grad. Asst., 
University of Florida. 

T. W. Danrer, M.A.(Arkansas) Instr., 
Mississippi State College. 

G. L. Davey, M.S.(Stanford) Acting Instr., 
Stanford University. 

Mrs. ELeanor G. Dawtey, M.S. (Howard) 
Instr., Hampton Institute. 

G. W. Day, Student, San Jose State College. 
R. S. DEZur, M.A.(Montana S.U.) Acting 
Instr., State College of Washington. 

R. J. Driscott, M.A.(Loyola, Ill.) Math. 
Asst., White Sands Proving Ground, N. 
Mex. 

L. E. Dusins, Ph.D. (Chicago) Asst. Profes- 
sor, Carnegie Institute of Technology. 

C. D. Dunn, Student, Texas Christian Uni- 
versity. 

W. H. Epwarps, M.A.(Texas) Asst. Profes- 
sor, University of Houston. 

E. G. Jr., B.S.(M.I.T.) Grad. Fel- 
low, St. Louis University. 

W. K. ErcGen, Ph.D.(Vienna) Principal 
Physicist, Oak Ridge National Lab., Oak 
Ridge, Tenn. 

W. A. Fercuson, Ph.D. (Illinois) Asso. Pro- 
fessor, University of Illinois. 

H. K. Fiescu, Ph.D. (Illinois) Instr., Cornell 
University. 

Capt. A. R. GALLAHER, U.S.N., B.S.(U.S. 
Naval Acad.) Head, Department of 
Mathematics, U. S. Naval Academy. 

Ruesa E. Gatitoway, B.S.(Virginia S.C.) 
Grad. Student, Virginia State College. 

B. S. Garsow, M.S.(Chicago) Asst. Math., 
Argonne National Lab., Lemont, III. 

A. M. GarsiA, Res. Asst., Stanford University. 

G. R. Gipson, Student, University of Buffalo. 

J. M. Gti, Graduate in Math.(Coimbra, 
Portugal) Teacher, Liceu de Santarém, 
Portugal. 

L. O. Grrovarp, JR., B.S. in E.E. (California) 
Statistician, Pacific Telephone and Tele- 
graph Co., Los Angeles, Calif. 

N. W. Gopsgy, Teaching Asst., Oklahoma 
Agricultural and Mechanical College. 
Jack GoLpBEerRG, M.A.(N.Y.U.) Math. 
Teacher, Hackensack Board of Education, 

N. J. 
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E. F. Gorprars, M.A.(C.C.N.Y.) White 
Sands Proving Ground, N. Mex. 

Mrs. Emity W. J. Goop, M.S.(North Caro- 
lina) Temporary Instr., University of 
Alabama. 

J. E. Groves, Jr., B.S.(Arkansas S.C.) Grad. 
Fellow, St. Louis University. 

J. F. HANNAN, Ph.D.(North Carolina) Asst. 
Professor of Statistics, Michigan State 
University. 

G. H. Hart, S.M.(M.1.T.) Newcastle, Maine. 

D. F. Hayes, Student, St. Mary’s University. 

R. E. Heaton, Ph.D.(Indiana) Asst. Pro- 
fessor, University of Richmond. 

Peter HeEwnrici, Ph.D.(Swiss Federal I.T.) 
Asst. Professor, American University. 
Davip HERLACHER, M.S. (Iowa) Instr., Fenn 

College. 

E. H. Hretsring, B.A.(Central C.) Grad. 
Student, University of Nebraska. 

D. B. Hotpripce, A.B. (Fresno S.C.) Teach- 
ing Asst., California Institute of Tech- 
nology. 

J. R. Hotpswortu, Student, San Jose State 
College. 

D. F. Huntincton, Student, University of 
Maine. 

DortHEA I. Jackson, B.A.(Baker) Seismol- 
ogist Asst., Shell Oil Co., Houston, Texas. 

D. E, Jones, B.S.(Fort Hays Kansas S.C.) 
Grad. Asst., Kansas State College. 

P. M. Kaun, Student, Stanford University. 

L. A. Kenna, M.A.(Arizona S.C.) Instr., 
University of Arizona. 

H. C. KerpELMAN, B.S.(Maryland) Grad. 
Student, Asst. Instr., University of Penn- 
sylvania. 

Rev. Pattie Kersuaw, O.S.B., B.S. in Ed. 
(Loyola, La.) Professor, St. Joseph Semi- 
nary, St. Benedict, La. 

J. J. Kinney, A.M.(Harvard) Instr., St. 
Lawrence University. 

D. B. Krrx, M.A.(Pennsylvania) Res. Ana- 
lyst, Mutual Benefit Life Ins. Co., Newark, 
Ww. J. 

B. Y. Koo, M.A.(Maryland) Junior Instr., 
University of Maryland. 

J. C. Kosanxe, Student, Baylor University. 

Frank Kozin, M.S.(Illinois I.T.)  Instr., 


Illinois Institute of Technology. 
S. R. Krart, B.A. (George Washington) Grad. 
Student, University of Maryland. 


ll 
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Maurice Ph.D.(Princeton) Asso. 
Professor, University of Montreal. 

H. L. Lawton, M.S.(Florida S.U.) Math., 
U. S. Navy Mine Defense Lab., Panama 
City, Fla. 

W. T. LaysBourn, JR., Junior Engr., Philco 
Corp., Philadelphia, Pa. 

IRw1N LEwis, Student, Brooklyn College. 

N. J. Lewis, Student, Colorado College. 

J. T. Lrpbxe, Jr., Student, Rutgers University. 

J. P. Line, M.S.(Michigan) Instr., Univer- 
sity of Rochester. 

H. G. Loomis, M.A. (Pennsylvania S.U.) In- 
str., Pennsylvania State University. 

Rev. H. J. Lucer, S.J., M.A.(Gonzaga) 
Instr., Gonzaga University. 

M. R. Lutrreti, B.S.(Florence S.T.C.) 
Equipment Engr., Western Electric Co., 
Chicago, IIl. 

J. P. Mayserry, Ph.D.(Princeton) Profes- 
sional Engr., Radio Corp. of America, 
Moorestown, N. J. 

S. G. Mayrietp, M.Ed.(Texas) Asst. Pro- 
fessor, Virginia Military Institute. 

W. B. Miter, M.A. (Lehigh) Asst. Professor, 
Moravian College. 

A. M. Moop, Ph.D.(Princeton) President, 
General Analysis Corp., Santa Monica, 
Calif. 

Z. C. Mortrecer, Student, Stanford Univer- 
sity. 

R. W. Newcoms, B.S. in E.E.(Purdue) Grad. 
Student, Stanford University. 

D. A. Norton, Ph.D.(Wisconsin) Asst. Pro- 
fessor, University of California, Davis. 
KATHLEEN M. O’DOoNNELL, M.A. (Northwest- 

ern) Instr., University of Kansas. 

I. B. OtpHAM, Student, University of Okla- 
homa. 

H. C. Owens, M.A.(Alabama) Instr., Uni- 
versity of Alabama. 

D. B. Pease, M.S.(Kansas S.T.C.) Elec- 
tronic Scientist, U. S. Navy Mine Defense 
Lab., Panama City, Fla. 

J. E. L. Peck, Ph.D.(Yale) Asso. Professor, 
McGill University. 

Rosetta V. Pepicin1, M.A. (Missouri) _Instr., 
University of Kansas. 

H. D. Perry, M.A.(Sam Houston S.T.C.) 
Instr., Agricultural and Mechanical Col- 
lege of Texas. 

H. A. Petrea, M.A.(North Carolina) Asst. 
Professor, North Carolina State College. 
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ALEXANDER PEYERIMHOFF, Dr.rer.nat. (Tue- 
bingen) Visiting Asso. Professor, Uni- 
versity of Cincinnati. 

S. C. Port, Student, Northwestern University. 

E. E. Posey, Ph.D.(Tennessee) Asst. Pro- 
fessor, West Virginia University. 

Dorotuy L. A.M.(Missouri) Tem- 
porary Instr., Kansas State College. 

L. E. Pursett, Ph.D.(Purdue) Asst. Pro- 
fessor, Grinnell College. 

DovuGLas RAGLAND, JR., Student, Kinkaid 
School. 

Emity B. RaGspaLeE, M.A.(Florida S.U.) 
Instr., Virginia Polytechnic Institute. 

B. A. Raymonp, M.S.(Cincinnati) Instr., 
University of Cincinnati. 

LeRoy Reames, M.S.(Iowa) Instr., Illinois 
Institute of Technology. 

ARTHUR REETzZ, JR., B.S. in Ed.(South Da- 
kota) Instr., Missouri School of Mines. 

R. W. Reicunarpt, B.S.(Marquette) Grad. 
Asst., Marquette University. 

L. P. Remy, M.E.(Louisiana S.U.) Asst. 
Professor, McNeese State College. 

T. C. Ricnarps, Student, San Jose State 
College. 

G. W. Ricker, M.S.(Rutgers) Teaching Asst., 
Rutgers University. 

H. K. RicGs, Ph.D. (Chicago) Asst. Professor, 
University of Vermont. 

W. H. Rospertson, A.B.(Washburn) Grad. 
Asst., Oklahoma Agricultural and Mechan- 
ical College. 

J. S. Rue, M.S.(North Dakota) Instr., Uni- 
versity of North Dakota. 

K. M. Saxsena, Ph.D.(Agra) Professor, 


D.S.B. Government College, Nainital, 
India. 

R. W. Sampson, M.A.(Boston U.) Instr., 
Bates College. 


D. M. Saxe, A.B.(Harvard) Res. Math., 
Bausch & Lomb Optical Co., Rochester, 

I. S. ScHECHTMAN, B.A.(Pennsylvania) Pro- 
grammer, Sperry-Rand, Philadelphia, Pa. 

MorTHER Ruta M. ScuICcKEL, B.A. (Manhattan- 
ville C. of the Sacred Heart) Teacher, 
Country Day School of the Sacred Heart, 
Washington, D. C. 

T. J. SeGNar1, Math., Army Map Service, 
Washington, D. C. 

R. D. SHEFFIELD, M.A.(Mississippi) Asst. 
Professor, University of Mississippi. 
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R. F. SHortt, B.S. (Syracuse) Instr., Clarkson 
College of Technology. 

Aaron SIEGEL, M.S.(Rutgers) Teaching 
Asst., Rutgers University. 

J. E. Simpson, M.A.(Loyola, Ill.) Instr., 
Marquette University. 

SisTER EILEEN IMELDA, O.P., B.A. (Caldwell 
C.) Instr., Caldwell College. 

R. W. Stoan, Ph.D. (Illinois) Asst. Professor, 
University of New Hampshire. 

A. H. SpraGuE, Ph.D.(Princeton) Professor, 
Amherst College. 

R. L. SPRECKELMEYER, B.S. (Illinois Wesleyan 
U.) Teacher, School District of the City 
of Ladue, Mo. 

F. M. Sravey, Jr., M.A.(Cotumsia) Instr., 
Fort Valley State College. 

F. T. STARKWEATHER, B. A.(Omaha) Math., 
White Sands Proving Ground, N. Mex. 

T. D. Sreriinc, Ph.D.(Tulane) Asst. Pro- 
fessor of Psychology, University of Ala- 
bama. 

A. P. Stokes, B.S.(Notre Dame) Grad. Stu- 
dent, University of Notre Dame. 

J. E. Srrane, B.A.(Arizona) Teaching Asst., 
University of Arizona. 

R. K. Srump, B.S.(Muhlenberg) Teaching 
Asst., Rutgers University. 

R. E. Swett, B.A.(Nebraska) Grad. Asst., 
University of Nebraska. 
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J. D. Testerman, B.A.(Okla. A.&M.C.) 
Grad. Asst., Oklahoma Agricultural and 
Mechanical College. 

Mrs. GwENDOLYN B. Tuompson, B.A. (Colo- 
rado C.) Instr., Colorado College. 

L. J. Topp, M.A.(Tulane) Asso. Professor, 
Loyola University, La. 

SH1n-HstuNG TunG, B.A.(Taiwan Normal U.) 
Asst., Taiwan Normal University, Taipei, 
Taiwan, China. 

H. H. VinnepGE, B.A. (Mississippi Southern) 
Math., U. S. Weather Bureau, Washing- 
ton, D. C. 

H. N. Warp, Student, Swarthmore College. 

R. J. Warne, M.S.(N.Y.U.) Teaching Asst., 
University of Tennessee. 

G. C. Watxins, B.S. in Ch.E. (Florida) Math., 
U. S. Navy Mine Defense Lab., Panama 
City, Fla. 

Mack Wituiams, M.S.(North Texas S.C.) 
Math. Teacher, Agricultural and Mechani- 
cal College of Texas. 

A. M. Yagus, Ph.D. (California) Instr., Pur- 
due University. 

N. D. Yivrsaker, B.A.(Concordia) Grad. 
Asst., University of Nebraska. 

F. S. Zusman, M.A.(Harvard) Asso. Math., 
Applied Physics Lab., Johns Hopkins 
University. 


THE NOVEMBER MEETING OF THE NORTHEASTERN SECTION 


A meeting of members of the Association living in the New England Region 
was held at the University of New Hampshire, Durham, on November 26, 1955, 
for the purpose of organizing a section of the Association. Professors Howard 
Eves and Donald Kearns presided at the morning and afternoon sessions, re- 
spectively. There were 80 persons in attendance including 56 members of the 
Association. 

At a business meeting with Professor A. A. Bennett as temporary chairman, 
a petition to the national organization for the establishment of a section was 
circulated and a set of by-laws was adopted. It was agreed that the name of the 
section should be the Northeastern Section, even though its geographical bound- 
aries coincide with those of the New England Region. It was felt that this 

_Name was more appropriate in view of the fact that four Canadian provinces 
are to be included in the Section. The following officers were elected for a one- 
year term: Chairman, Professor Howard Eves, University of Maine; Vice- 
Chairman, Reverend S. J. Bezuszka, Boston College; Secretary-Treasurer, 
Professor R. E. Johnson, Smith College. 
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President E. L. Johnson of the University of New Hampshire gave a short 
welcoming address at the morning session. There was a tea at the President’s 
home following the afternoon session. 

The following papers were presented: 

1. A system of dimensional analysis, by Reverend S. J. Bezuszka, Boston 
College. 

2. Concerning sines and cosines, by Professor Ralph Beatley, Harvard Uni- 
versity. 


The speaker discussed the use of the law of sines to solve triangle problems normally solved 
by the law of cosines, and vice versa. 


3. The structure of a ring, by Professor R. E. Johnson, Smith College. 


There are six basic operations that can be performed on a given set of rings to yield new rings. 
It was shown how these operations could be used to express each semi-prime ring in terms of prime 
rings. 


4. Some applications of matrices, by Professor R. A. Rosenbaum, Wesleyan 
University. 

The incorporation into the undergraduate curriculum of diverse applications of matrices was 
recommended for a number of reasons, chief among them being the stimulus to a development of 
mathematical maturity on the part of the student. Examples were drawn from the areas of recursion 
relations (Fibonacci sequence, and the problem of the weighted string) and geometry (Mébius 
tetrads). In the latter case the symbiotic relationship of algebra and geometry was emphasized. 


5. Mathematicians at Ticonderoga, by Professor D. J. Struik, Massachusetts 
Institute of Technology. 

Among the combatants around or at Fort Carillon (Ticonderoga), 1757-58, were men with good 
mathematical training. Discussed are the cartographers J. F. V. Des Barres and S. Holland, the 
astronomer-engineer M. C. De Lotbiniére and the mathematician-explorer L. A. De Bougainville. 
De Bougainville’s two tome Calcul integral (1754, 1756) allows insight into early stages of the theory 
of elliptic integrals and ordinary differential equations. The work of the cartographers illustrates 
the importance of the three body problem for longitude determination. 


6. The use of computers in industry, by Dr. R. F. Clippinger, Raytheon 
Manufacturing Company, Waltham, Massachusetts, introduced by the Secre- 
tary. 

R. E. Jonnson, Secretary 


THE DECEMBER MEETING OF THE MARYLAND-DISTRICT OF COLUMBIA- 
VIRGINIA SECTION 


The fall meeting of the Maryland-District of Columbia-Virginia Section of 
the Mathematical Association of America was held at the Catholic University 
of America, Washington, D. C., on December 3, 1955. Professor F. E. Johnston, 
Chairman of the Section, presided at the morning and afternoon sessions. There 
were 124 persons in attendance, including 96 members of the Association. 

By a unanimous vote of the members present, the By-Laws of the Section 
were amended in such a way as to add a Treasurer to the roster of officers of the 
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Section. The Secretary presented a report of the Meeting of Section Officers held 
at Ann Arbor, Michigan, on August 30, 1955. Mr. W. H. Norris, Chairman of 
the Committee on High School Contests, discussed the results of the 1955 High 
School Contest conducted by the Section. 

The following papers were presented: 

1. Evaluation of the definite integral fy u-' exp (—¢°u/4—u-')du, by Pro- 
fessor Anne E. Scheerer, Georgetown University, introduced by Professor Oli- 
phant. 


Differentiation of the integral with respect to the parameter ¢ produces a Bessel equation 
whose solution is a linear combination of Bessel functions of the first and third kinds. The known 
asymptotic behavior of these functions permits the coefficients to be calculated and the integral 
thus evaluated. 


2. Generalized complex numbers and addition formulas, by Professors John 
Tyler (ret.) and J. A. Tierney, United States Naval Academy, presented by 
Professor Tierney. 


A generalized complex number was defined and a method for writing such a number in polar 
form-was developed. When the modulus is unity the components satisfy addition formulas which 
are generalizations of the hyperbolic and trigonometric addition formulas. An application to Dio- 
phantine analysis was presented. 


3. Two theorems of plane geometry suggested by certain formulae in kinematics, 
by Professor J. P. Hoyt, United States Naval Academy. 


If v, and vy are the rectangular components of the velocity of a point having plane motion, 
and if a, and a, are the rectangular components of its acceleration a, then the rectangular compo- 
nents of a along the tangent to the path and normal to the path are given respectively 
by (v,a.+v,ay)/v and (v,ay—vyaz)/v, where v is the magnitude of the velocity. The geometric inter- 
pretation of these results leads to two interesting and perhaps new theorems in plane geometry. 


4. Numerical solution of ordinary linear differential equations, by Dr. C. H. 
Frick, U. S. Naval Proving Ground. 


By use of an integration formula y»—ya=L(ys, yb’, +++, 96, 9a’, where L is a linear 
function, the numerical solution of a system of linear differential equations was reduced to the 
solution of a system of linear algebraic equations. Such integration formulas include: the trape- 
zoidal rule, a truncation of the Euler-Maclaurin formula, an extremely accurate formula given in 
Milne’s book on the numerical solution of differential equations, and extensions of the “Milne” 
formula. The truncated Euler-Maclaurin formula was used in an undergraduate paper by Miss 


Mary Moskos at Mary Washington College in 1953. One extension of the “Milne” formula was 
shown. 


5. An approximate solution of a system of non-linear equations, by Mr. C. H. 
Murphy, Jr., Aberdeen Proving Ground. 


Although the techniques of non-linear mechanics are usually applied to second order equations 
’ in one variable, they may be generalized to larger systems of equations. In exterior ballistics, for 
example, the yawing motion of a spinning projectile acted upon by a non-linear moment is described 
by two second order non-linear equations in two dependent variables. An approximate solution of 
these equations is obtained by a perturbation method and applied to the results of free flight tests. 
The great value of this technique is shown by the excellent internal agreement as well as by good 
agreement with direct wind tunnel measurements, 


. 
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6. Weakly compact transformations, by Professor J. W. Brace, University of 
Maryland. 


In order that all continuous linear transformations from a Banach space X to an arbitrary Ban- 
ach space Y which have the property of transforming bounded sets into weakly compact sets 
have the additional property of transforming weakly compact sets into compact sets, it is necessary 
and sufficient that X have the following property: limn.a*a(xn) =0 for every sequence {x,} in 
X converging weakly to zero and every sequence {x.} in the first adjoint space of X converging 


weakly to zero. The paper also presents Banach spaces which have the desired property. 


7. The evolution of extended decimal approximations to and e, by Dr. J. W. 
Wrench, Jr., David Taylor Model Basin. (By invitation.) 


The speaker traced the historical development of extended decimal approximations to * and 
e from the eighteenth century up to the present and sketched his own work in this field. 


R. P. BalLey, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-seventh Summer Meeting, University of Washington, Seattle, Wash- 


ington, August 20-21, 1956. 


Fortieth Annual Meeting, University of Rochester, Rochester, New York, 


December 29, 1956. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY MounrtaIn, Geneva College, Bea- 
ver Falls, Pennsylvania, April 28, 1956. 

ILurnors, Eastern Illinois State College, 
Charleston, May 11-12, 1956. 

INDIANA, Wabash College, Crawfordsville, May 
5, 1956. 

Iowa, Grinnell College, Grinnell, April 20-21, 
1956. 

Kansas, University of Wichita, April 21, 1956. 

KEnTUuckgY, University of Kentucky, Lexington, 
April 28, 1956. 

MARYLAND-DistRicT OF COLUMBIA-VIRGINIA, 
U. S. Naval Academy, Annapolis, Mary- 
land, May 5, 1956. 

METROPOLITAN NEw York, Stevens Institute 
of Technology, Hoboken, New Jersey, 
April 28, 1956. 


MICHIGAN 

Minnesota, Augsburg College, Minneapolis, 
May 5, 1956. 

Missour!, Fontbonne College, St. Louis, 
April 21, 1956. 


NEBRASKA, University of Nebraska, Lincoln 
April 21, 1956. 

NORTHEASTERN 

NORTHERN CALIFORNIA 

Ou10, Oberlin College, Oberlin, April 14, 1956. 

OKLAHOMA 

Paciric NortHweEst, Oregon State College, 
Corvallis, June, 1957. 

PHILADELPHIA 

Rocky Mountain, University of Utah, Salt 
Lake City, May 4-5, 1956. 

SOUTHEASTERN 

SOUTHERN CALIFORNIA 

SOUTHWESTERN, New Mexico College of Agri- 
culture and Mechanical Arts, Las Cruces, 
April, 1956. 

Texas, Southwest Texas State Teachers Col- 
lege, San Marcos, April 20-21, 1956. 
Upper New York Srate, Alfred University, 

Alfred, April 28, 1956. 
Wisconsin, Marquette University, Milwaukee, 
May 12, 1956. 


THE SLAUGHT PAPERS 


The Herbert Ellsworth Slaught Memorial Papers are a series of 
brief expository pamphlets published as supplements to the American 
Mathematical Monthly. Four numbers have appeared: 


1. Fourier’s Series; The Genesis and Evolution of a Theory by R. E. 


Langer. v + 86 pages. 


2. Outline of the History of Mathematics (6th edition) by R. C. 


Archibald. iv + 73 pages. 


3. Proceedings of the Symposium on Special Topics in Applied 


Mathematics. iv + 73 pages. 


4. Contributions to Geometry. iv +- 75 pages. 


Copies at one dollar each postpaid may be ordered from: 


The Mathematical Association of America 


University of Buffalo 


Buffalo 14, New York 


ENGINEERS 
MATHEMATICIANS 


For very specialized positions 
for well qualified individuals 
who have the ability to lead 
and to participate in the de- 
velopment of Digital Com- 
putation activities in the fields 
of: 


Applied Mechanics 
Thermodynamics 


Mechanical Laboratory Experi- 
mentation 


Aerodynamics 
Mechanical Design 


Men of mature technical judgment, with at 
least 3 to 5 years’ experience in power plant 
analysis and design, and proven ability in the 
art of supervision. 


These are not the typical engineering posi- 
tions. Your work is extremely advanced, and 
the promotional opportunity is clearly out- 
lined. 

Our operation offers stability in its product 


appeal to both commercial and military 
markets. 


Positions are open in New England and Cin- 
cinnati. 

For further information, please write, giving 
details of education and experience to: 


MR. MARK PETERS 
TECHNICAL RECRUITING BLDG. 100 
AIRCRAFT GAS TURBINE DIVISION 


GENERAL ELECTRIC 


Cincinnati 15, Ohio 


RCA offers opportunities 
IN MISSILE TEST 
Data Reduction 


Degree plus experience in reduction of 
for test data, applied mathematics, statis- 
tical techniques, or observatory prac- 
tices. Positions now available on 


> MATHEMATICIANS Florida’s central east coast. 


ASTRO-PHYSICISTS ! Employment Manner Dest. 
Missile Test Project 
RCA Service Co., Inc. 
P.O. Box 1226 
Melbourne, Florida 


@ RADIO CORPORATION OF AMERICA 


Now you can enjoy advanced projects, a professional atmosphere 
and top employee benefits too. These and other advantages await 
you in North American's supersonic manned aircraft programs. 


Apply elementary and advanced mathematical techniques to 
the formulation, solution and programming of engineering problems 
relevant to aircraft design. High speed digital computers 
are available for this work, including the IBM 701 Calculator. 
You should have a knowledge of applied and theoretical mathematics. 
The specialized experience you need may be acquired 
on the job; this includes such fields as aerodynamics, stability and 
control, engine performance and computing equipment. 


If you can qualify, contact Les Stevenson, Engineering Personnel, 
Dept. 56AM, North American Aviation, Inc., Los Angeles 45, Calif. 
Phone: ORegon 8-3011, Extension 2885. 


NORTH AMERICAN AVIATION, INC. 


You mean | can get $20,000 
of TIAA Term insurance for 
less than $100 a year? 


' That’s precisely the question an 
Assistant Professor from Purdue 
asked us the other day when he 
heard about TIAA’s new dividend 
scale. 

And it’s true! At his age 34 the 
annual premium for $20,000 of 10- 
Year Term insurance is $178.40 and 
the first-year dividend on the new scale is $89.40, making a net 
annual payment of $89.00. Dividend amounts, of course, are not 
guaranteed. 

Ge that cost,” he said, “I can’t afford not to have enough 
insurance. 

This is just one example of the many low-cost TIAA plans avail- 
able to you if you’re a college staff member, part- or full-time. To 
get complete details, send us the coupon below. 


TIAA employs no agents—no one will call on you. 


} Teachers Insurance and Annuity Association | 
] 522 Fifth Avenue, New York 36, New York { 
] Please send me a Life Insurance Guide and the booklet, Plan Your | 
| Life Insurance. { 
| Name Date of Birth { 
| Address | 
| Ages of Dependents { 
| F Employing Institution | 
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Hundreds of IBM electronic data processing ma- 
chines are already in use, and many more will be 
installed during 1956. These data processing ma- 
chines have become essential for computations in 
science, engineering, and business management. 


FOR THE MATHEMATICIAN 
who’s ahead of his time 


§BM is looking for a special kind of mathe- 
matician, and will pay especially well for 
his abilities. 

This man is a pioneer, an educator—with a 
major or graduate degree in Mathematics, 
Physics, or Engineering with Applied 
Mathematics equivalent. 

You may be the man. 


If you can qualify, you'll work as a special 
representative of IBM’s Applied Science 
Division, as a top-level consultant to busi- 
ness executives, government officials and 
scientists. It is an exciting position, crammed 
with interest, and responsibility. 
Employment assignment can probably be 
made in almost any major U. S. city you 
choose. Excellent working conditions and 
employee-benefit program. 


For applicants with the same basic qualifi- 
cations, opportunities are available to teach 
in this exciting, new field. 

Your reply will, of course, be held in the 
strictest confidence. Write, giving full de- 
tails of education and experience, to: 


Dr. C. R. DeCarlo 


DIRECTOR, APPLIED SCIENCE DIVISION 


INTERNATIONAL BUSINESS MACHINES COR?. 
590 Madison Avenue, New York 22, N.Y. 


Producer of electronic 

data processing machines, 
electric typewriters, 

and electronic time equipment. 
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N A Modern Approach | 
By JoHN R. HAMILTON 
ne and WALTER T. HAMILTON T 
Long Island University 7 
* An outstanding text for the first-year course in Important Texts 
for mathematics designed especially for engineering 
and physical science majors whose preparation 
in mathematics is limited to elementary and For 
ha intermediate algebra and plane geometry. It is 
ics, directed toward preparing such students for 
ied entrance into a rigorous sophomore course in Elementary Classes 
calculus. Beginning with a chapter on deductive 
logical thinking, it presents a systematic study 
of mathematical analysis that will make critical 
cial inquiry and sound reasoning the foundation of 
nce normal thinking processes. Algebra, Trigonom- 
ak etry, analytic geometry, and the basic principles 
al of calculus are covered. 
ned 379 pages $4.50 
be 
you 
and ENGINEERING 
a PROBLEMS 
By CHARLES A. HUTCHINSON, 
LEON W. RUTLAND, Jr. 
the HARP » JR., 
r™ ER and WALTER W. VARNER 
& BROTHERS University of Colorado 
Publishers A tested text-workbook for laboratory courses 
dealing with the applications of mathematics to 
East Street basic engineering topics. The text covers the 
“ 33ed slide rule, which is discussed at considerable 
RP. New York 16, N.Y. length, approximate numbers, dimensional 
analysis, mensuration of plane and three- 
dimensional figures, use of tables, statistics, 
curve plotting, and elementary problems from 
mechanics, electrical engineering, and modern 
physics. This text is designed to meet a recog- 
nized need in engineering mathematics. 
179 pages $3.00 


\ 
MATHEMATICAL 
ANALYSIS WEY 


Two new PRINCETON Books in Mathematics... 


Edited by J. McCartHy and C. SHANNON 

A collection of important papers dealing with various aspects of computing 
machines, Turing machines, and machines designed to simulate the brain. 
Annals of Mathematics Studies #34. 296 pages. $4. 


SURFACE AREA 


AUTOMATA STUDIES 
By LAMBERTO CESARI 


A study of the analytic and geometric properties of parametric surfaces under 
the sole hypothesis that they be continuous and have finite area. Annals of Mathe- 
mathics Studies #35. 606 pages. $8.50 


Order from PRINCETON UNIVERSITY PRESS, 
Princeton, New Jersey 


_Ads C Texts in Mathematics 


Commercial Algebra 


Robert M. Parker, Texas Technological College 


This text presents algebra as a practical tool for business use. A thorough review of 
the fundamental principles of algebra precedes the application of these principles to 
commercial problems. Carefully graded exercises in abundance and cumulative reviews 
after every third chapter are among the functional aids to learning. 


Mathematics of Finance 


Albert E. May, Racine Extension Center, University of Wisconsin 


Thinking and understanding are the goals of this text as opposed to substituting 
blindly in formulas. The fundamentals of investment theory are built on just eight 
simple formulas. The student is trained in basic principles so that he is able to adapt 
these few formulas to many types of problems. Numerous illustrative examples and 
graphs support the explanatory material. 


$5 Fifth Avenue, New York 3, New York 
American Book Company 
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Check your needs by these popular 
ROSENBACH WHITMAN fexéa 


COLLEGE ALGEBRA, THIRD EDITION 
ESSENTIALS OF COLLEGE ALGEBRA 
INTERMEDIATE ALGEBRA FOR COLLEGES 


ROSENBACH WHITMAN MOSKOVITZ 


ESSENTIALS OF PLANE TRIGONOMETRY, WITH AND WITHOUT 
TABLES 


PLANE TRIGONOMETRY WITH TABLES 


PLANE AND SPHERICAL TRIGONOMETRY WITH AND WITHOUT 
TABLES 


MATHEMATICAL TABLES 


GINN and COMPANY 


HOME OFFICE: Boston SALES OFFICES: New York 11 Chicago 6 
Atlanta 3 Dallas | Columbus 16 San Francisco 3 Toronto 7 


tLoyp L. SMAIL 


Analytic Geometry and Calculus 


Designed for college courses which combine a 
study of calculus with that of analytic geometry, 
this book emphasizes the meaning of fundamental 
concepts and states important formulas in the form 
of theorems. 672 pages, $5.75 


Calculus 


Among the distinctive features of this text are the 
early introduction of integration, involving both 
definite and indefinite integrals and the replace- 
ment of Duhamel’s theorem with a simpler theorem 
due to Bliss. 592 pages, $5.35 


APPLETON-CENTURY-CROFTS, INC. 
35 West 32nd Street, New York 1, N.Y. 


- 


Ready For FALL CLASSES 


Topics in Number Theory 
By Wii J. LeVeque, University of Michigan 


The purpose of this two-volume work is to provide sufficient textbook material for a 
more thorough study of the theory of numbers than was heretofore possible. 


VOLUME I is intended for use in an introductory course on the advanced under 
graduate—graduate level, and assumes no specific background except for a few 
sections where calculus is used. However, a certain amount of mathematical 
maturity will be of great value to the student in developing a sound feeling for 
the subject. 


VOLUME 11, which is self-contained, considers essentially more difficult topics. It is 
designed as a text for a more advanced course on the graduate level. 


The selection of topics to be included has been made on the basis of the technical 
importance of the methods developed or of the results obtained. Thus, for example, a 
standard function-theoretic proof of the prime number theorem is given in Volume II; the 
analytic method has proved so powerful, and applicable to such a large variety of problems, 
that it must be considered an essential tool. Care has been taken to include problems that 
will offer a challenge to the student; profuse hints to aid in their solution are appended. 


VOLUME 1—c. 150 pp, 6 illus. VOLUME 11—c. 215 pp, 7 illus. 
To be published June 1956 — price to be announced. 


Introduction to Riemann Surfaces 


By Georce Sprincer, University of Kansas 


A modern, self-contained presentation of the fundamental concepts and basic theorems 
concerning Riemann surfaces, designed primarily for use as a textbook on the advanced 
undergraduate—graduate level. However, physicists and engineers who want to acquaint 
themselves with the field will find in this book a complete and understandable treatment. 


A knowledge of elementary complex function theory and some real variables and 
algebra is assumed. While the book also draws heavily from topology and Hilbert space 
theory, an introduction to these fields is contained in the text, so that no previous knowledge 
of them is required. 


Introduction To Riemann Surfaces is not meant as a survey of current work in the 
subject, but rather as a modern presentation of the classical theory which will prepare the 
student for further study in this and in related fields, such as the modern theory of mani- 
folds, algebraic geometry, and topology. It is designed for a two-semester course; however, 
by proper selection of material, it may also serve as a text for a one-semester course. 


¢. 250 pp, 78 illus... . To be published Summer 1956 — price to be announced. 


ADDISON-WESLEY PUBLISHING COMPANY, INC., Cambridge 42,*Massachusetts _ 
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BASIC MATHEMATICS FOR GENERAL EDUCATION, 2nd Edition (1955) 


By H. C. TRIMBLE and L. C. PECK, both of Iowa State Teachers College and F. C. BOLSER, 
Analyst, U. S. Government. 


This new edition of a basic text presents a simple, direct treatment of the mathematical ideas fresh- 
men need and are most interested in. A new chapter has been added on Logic. There are new sec- 
tions on The Slide Rule and an introduction to Statistical Calculations. Chapter editing and inclusion 
of more examples and exercises has improved readability. Emphasis is on simplicity and meaning, 
with the conversational tone retained to heighten beginning students’ interest. 

363 pages ° 558” x 83%” Published 1955 


COLLEGE ALGEBRA 
By MOSES RICHARDSON, Brooklyn College 


This extremely lucid text gives unusual insight into sound mathematics. It is adaptable to classes 
of any degree of preparation and combines careful explanation of procedure with reasonable motiva- 
tion for the student. Your students will not find it excessively rigorous—where correct proof would 
be too difficult, a searching discussion is substituted. The difficult sections have been starred both 
in the text itself and in the Table of Contents. (Those exercises which are related to starred topics 
have also been starred.) 


472 pages. ° 6" x9” ° Published 1947 


PLANE TRIGONOMETRY, 3RD EDITION 


By FRED W. SPARKS, Texas Technological College and PAUL K. REES, Louisiana State 
University 
Easily understood by college freshmen—this book covers all the essentials of Plane Trigonometry, 
including logarithms, graphs of the trigonometric functions and trigonometric equations. The 3rd 
Edition contains more than 1800 problems. Also, the arrangement of problems enables the in- 
structor to make a desirable assignment without having to study through the exercises, and also 
assures adequate coverage of the material by using any one of 4 entirely different problems. 


With tables—275 pages ° 6" x 9” ° Published 1952 
Without tables—199 pages 


CALCULUS, 3RD EDITION 
By GEORGE E. F. SHERWOOD, UCLA and ANGUS E. TAYLOR, UCLA 


Here is one of the leading sellers in the calculus. (All editions have sold over 100,000 copies.) An 
outstanding feature of this text is the very early introduction of the inverse of differentiation, in 
Chapter II, items 16, 17, and 18. The actual techniques here are limited to polynomials. 


Of particular interest is the section on applications to problems of velocity and acceleration in 
rectilinear motion. Students who take physics concurrently with the beginning calculus, engineering 
students, for example, will find this section extremely useful. 


Answers to exercises and problems available. 
579 pages 6" x 9” Published 1954 
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completely clear, easy-to-understand presentation, without 
sacrifice of mathematical rigor ) 

by an author already widely known for the clarity, accuracy 
and reliability of his college mathematics texts 

based on years of careful planning, class-testing, and teach- 
ing experience 

with HUNDREDS of well graded exercises, including inter- 
esting problems of a theoretical nature and review questions 


designed to develop the student’s critical and analytical 
faculties 


Britton’s CALCULUS 


Applauded 


The well-thought-out organization of this beautifully clear presentation 
of the calculus makes each concept and procedure easy to grasp. Initial 
chapters introduce the derivative through examples and on an intuitive 
basis, bringing in the exact definition of a limit when the student has 
been shown the need for it. Integration is introduced by the definite 
integral, with clear distinction made between this concept and the anti- 
derivative. In the following chapters differentiation and integration are 
unified as closely as logic permits. There is notably full, clear treat- 
ment of all such topics as transcendental functions, rate problems and 
centroids and moments. Complete logarithmic, trigonometric and other 
numerical reference tables are included at the end of the book. 


If you have not already requested your 


examination copy, write us for one now. 


JOHNSON, McCOY & O'NEILL 
Fundamentals of College 
Mathematics 


BRITTON & SNIVELY 


McCOY & JOHNSON 
Analytic Geometry 
formerly $4.00; NOW $3.50 


formerly $6.00; NOW $5.00 
LARSEN 


Rinehart Mathematical 


Algebra for College Students 
Rev. Ed. 


Highly commended for its direct, easy- 
to-understand exposition, this popular 
text is successfully used in colleges 
and universities throughout the coun- 
try. $4.50 


Tables, Formulas & Curves 


Known and used everywhere as out- 
standingly legible and complete. In- 
cludes Bessel functions, complete 
elliptic integrals, values and log- 
arithms of the Gamma function. 
$2.50 


RINEHART & COMPANY 


232 Madison Ave. 
New York 16, N.Y. 


prices 


eT aes 


}— 
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"Sales Offices 


Published this March 


Mathematical 
Analysis 


By E. J. CAMP 


Macalester College 
St. Paul, Minnesota 


A distinctly teachable text in strikingly hand- 
some format .. . It presents an integrated 
treatment of topics from college algebra, 
trigonometry, analytic geometry, and calculus 
for the freshman year . . . The author writes 
in a simple, straight-forward style, employing 
the motivating devices used by the best teach- 
ers. 624 pages. $6.00* 


WILLIAM L. HART 


College 
Algebra 


FOURTH EDITION 


Among the features of the Fourth Edition are: 
a novel introduction to signed numbers; a 
unique approach to probability not based on 
“equally likely” cases; appendix notes on sets, 
with probability contacts. 490 pages (420 
pages of text). $4.00* 


WILLIAM L. HART 


Intermediate 
Algebra 
for College 


Designed for students who may not have had 
third-semester high school algebra but who 
will take a regular college algebra course 
later; or for students who need algebra as a 
prerequisite for elementary courses in the so- 
cial sciences or business administration. 323 
pages (276 pages of text). $3.75* 


*Answers for odd-numbered problems in- 
cluded in the back of the book. Answer book 
for even-numbered problems available free 


Chicago 16 


Englewood, N.J. D.C. HEATH 


San Francisco 5 
Atlanta 3 ¢ Dallas 1 


Home Office 
Boston 16 
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Now in a New Edition 


A Classroom Favorite 


DIFFERENTIAL EQUATIONS 


THIRD EDITION 


By HARRY W. REDDICK, Visiting Professor of Mathematics ; 
and DONALD E. KIBBEY, Professor of Mathematics; 
both of Syracuse University 


Stresses a variety of applications 


Revised and over half rewritten, this new edition retains the 
same approach that brought wide praise to earlier versions. It’s 
geared to student understanding through clear explanation 
followed by numerous problems. These problems, carefully 
gtaded in difficulty, illustrate principles discussed and stress 
practical applications. Not an over-simplified presentation, this 
text achieves its clarity through rigorous but thorough exposi- 
tion and well chosen examples. 


Includes partial differential equations 


This third edition contains a feature many previous users will 
welcome—a chapter on partial differential equations. It also 
offers a new section on the adjoint equation plus many new prob- 
lems integrated with new theory. The units involved in problems 
on physical applications are now given so that numerical results 
may be expressed in proper form. In making revisions, the 
authors have drawn on their wide teaching experience to suit 
this text to today’s classroom needs. 


March 1956. 304 pages. $4.50. 
Send today for your examination copy. 


JOHN WILEY & SONS, Inc., 440 Fourth Avenue, New York 16, N.Y. 
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Now Nc Graw-Hill Books 


FUNDAMENTAL MATHEMATICS 
By Tuomas L. Wane and Howarp E. Taytor, The Florida State University. 374 pages, $4.75 


Though primarily a basic text for students with inadequate secondary school preparation in mathe- 
: matics, this book also provides ample foundation material for study in the social sciences, physical 
- sciences, education, and business. The fundamental ideas of elementary algebra are developed in a 
logical and orderly manner, with each operation treated first for the numbers of arithmetic, then 
for the literal symbols of algebra. The material is logically complete, yet simple and readable. 


PLANE TRIGONOMETRY, Second Edition 
By E. Ricnarp Hetneman, Texas Technological College. 256 pages, $3.75 (without tables, $3.25) 


Designed especially for students with average mathematical background, this text seeks to establish 
the habit of logical and independent thinking. Memory work is reduced to a minimum, and all 
unnecessary formulas and concepts have been omitted. Offers 1274 carefully graded problems. 
Emphasis in this new edition is placed on the analytic aspects of trigonometry, but complete cov- 
erage is given to the solution of triangles. 


Alternate Edition, 184 pages, $3.50 (Without tables, $3.00). 


Contains 1420 problems, nearly all different from those appearing in the regular edition, thus mak- 
ing available 2694 exercises. The text material is essentially the same as the regular edition. 


PRACTICAL DESCRIPTIVE GEOMETRY 
By Hiram E. Grant, Washington University. 253 pages, $4.75 


Correlates and integrates theory and practice, instead of considering each as a separate entity. The 
book employs the direct method, for greater ease in solving practical problems. A special chapter 
is devoted to graphical accuracy. Features: the careful, illustrated explanations of details usually 

= troublesome to students; numerous practical applications; unusual number of illustrations ex- 
plained by notes. Problems book and Answer Booklet for Problems Book available—Prof. H. Grant, 
Dept. Engg. Drawing, Washington University, St. Louis 5, Mo. 


Alternate Edition (with problems). 410 pages, $5.00. 


The complete text, with 140 pages of problems specially correlated with and applied to the text 
material—a total of 405 theoretical and 520 practical problems. The “direct method” approach is 
maintained with theory and practice correlated and integrated. 


STATISTICS FOR ECONOMICS AND BUSINESS—New Second Edition 


By Donato W. Papen, University of Illinois, and E. F. Linpoutst, University of Iowa. Ready 
for Fall Classes. 


Provides a basic understanding of the more important statistical techniques required in the business 
world. Here is a concise, non-technical interpretation of the common statistical tools currently used 
in business and economics. The Student’s Workbook, closely integrated with the text, contains 


problems to help the student formulate the principles. Mathematical theory and the mechanics of 
computation are minimized. 


McGraw-Hill Book Company, Inc. | s2 


copies on 
330 West 42nd Street New York 36, N.Y. | “PProval 
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Macmillan 


| ...FOR YOUR FALL COURSES | 


| COLLEGE ALGEBRA, Revised Edition | 


By PAUL R. RIDER, Chief Statistician, Aeronautical Research 
Laboratory, Wright-Patterson Air Force Base 

This text clearly presents the topics of college algebra and helps to develop in 
the student an appreciation of mathematical rigor. The author provides a sim- 
plified introduction, which features a complete review of elementary algebra, 


and a fuller discussion of basic ideas and fundamental principles. New sets of 
exercises and many valuable tables are included. 


1955 397 pp. $4.00 


INTERMEDIATE ALGEBRA FOR COLLEGES 
By PAUL R. RIDER 


“The author has carried out his intentions very well. The definitions are care- 
fully stated, duly noting their restrictions. The illustrative examples are numer- 
ous and weil chosen . .. perhaps the outstanding feature of the book is the wealth 
of well graded exercises, and the excellent and abundant collection of worded 
problems. ... This carefully written book is undoubtedly one of the best in its 
field.”—K. C. Scuraut, American Mathematical Monthly 


1949 242 pp. $3.25 
ANALYTIC GEOMETRY, Second Edition 
By ROSCOE WOODS, Professor of Mathematics, University of 


Iowa 


Introducing each geometric principle with completely worked out illustrative 
examples, this text presents ten chapters of material for the standard short course 
in analytic geometry, plus five supplementary chapters for a longer course. The 
problem material has been carefully selected and graded and includes problems 
of all degrees of difficulty, new approaches or hints for problem solving, and 
additional theory. 


1948 322 pp. $4.00 


CALCULUS 


By JOHN F. RANDOLPH, Professor and Chairman of the De- 
partment of Mathematics, University of Rochester 


“The material is sufficiently traditional in scope and arrangement to be used in 


a routine course, but it is more challenging to the better student than are most 

books on the elementary level. Unusual care is exercised in the presentation of 

basic concepts, and many topics beyond the usual minimum syllabus are in- 
| cluded.”—Scripta Mathematica 

1952 483 pp. $6.00 


The Macmillan 
60 FIFTH AVENUE, NEW YORK 11, N.Y. comets 


GEORGE BANTA COMPANY, INC., MENASHA, WISCONS'N 
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